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Abstract
A model of elastic wave propagation in fluid-saturated sandstones is developed that takes
into account pore fluid properties, and stress. It is based on the assumption that the pore
space can be represented by a distribution of crack-like spheroidal pores having a distribu-
tion of aspect ratios, and a single family of non-closable spheroidal pores. The Eshelby-Wu
formalism is used to find exact expressions for the bulk and shear compliances of the pores.
Asymptotic analytical expressions are obtained for the compliances of both dry and fluid-
saturated spheroidal pores that are crack-like, needle-like, or nearly spherical. These expres-
sions are incorporated into two commonly used effective medium theories, the Mori-Tanaka
and the Differential schemes, to obtain expressions for the effective elastic properties of
dry and fluid-saturated rocks containing spheroids of a given aspect ratio, as a function of
porosity or crack density. The stress dependence of the elastic velocities is modelled by
considering that the elastic moduli vary with stress due to crack closure. This pore structure
model is able to explain successfully the pressure dependence of ultrasonic dry velocities
on many sets of laboratory data. Predictions of saturated velocities are made using either
the Gassmann equation, or using an effective medium theory in conjunction with the as-
pect ratio distribution found from the dry data. For ultrasonic velocities obtained at high
frequencies (MHz), the predictions of effective medium theories are more accurate than the
Gassmann predictions. Low-frequency measurements (0.02 Hz) of the bulk modulus were
obtained on Fontainebleau sandstone, under pressure, and with different pore fluids. For
water and glycerin-saturated samples, both the 4% and 13% porosity rock specimens were
more compliant at low frequencies than at high frequencies. Finally, a model is proposed
for the frequency dependence of the wave velocities, assuming that at a given frequency,
some pores obey the Gassmann equation, and others are isolated, with a critical aspect ratio
demarcating the two families that depends on frequency and fluid viscosity.
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1 Introduction
“The hole connects one side to the other, making it immediately more three-dimensional.
A hole can itself have as much shape-meaning as a solid mass.” HENRY MOORE, The
sculptor speaks (1937)
Elastic wave velocities are the main diagnostic tool used in geophysics for exploration
of the crust and its resources, as well as for non-destructive monitoring of other porous
media (concrete, bone, etc.). Sedimentary rocks cover 75% of the Earth’s continental
surface, and almost the entire surface of the oceanic crust. Most such rocks are sufficiently
porous and permeable to contain fluids, such as gas, water or oil, and are therefore named
reservoir rocks, with important economic significance. Sandstones are of particular interest
as reservoir rocks but also for industrial uses. They are defined as detritic rocks containing
a majority of rounded quartz grains having diameters that range between 1/16 and 2 mm,
and represent approximately 25% of all sedimentary rocks.
Two main branches of seismology can be distinguished, based on different methods and
distinct applications. Classical seismology uses reflexion and refraction of seismic waves
to map the geometrical “macroscopic” structure of the substratum. Major discontinuities
such as faults, fractures, or changes in lithology, represent the level of heterogeneity. This
first approach, which has been widely developed and successful, does not treat explicitly
the interaction between the seismic wave signal and the porous medium. However, rocks
are also heterogeneous materials at a microscopic scale: pores, with various shapes and
orientations, that can be filled with fluid or not, are naturally present between the minerals.
Thus, a second approach, which is complementary to the first approach, attempts to relate
the seismic wave signal to the microstructure and fluid content of rocks. It is recalled that P
and S-wave velocities are directly related to the elastic properties:
Vp =
√
K+(4/3)G
ρ
,
Vs =
√
G
ρ
,
where (K,G) are respectively the bulk and shear moduli, and ρ is the density, which is
generally known. In turn, elastic moduli of rocks depend on mineralogical composition,
porosity, pore shape, and pore fluid properties. Hence, elastic wave velocities can be
used as a diagnostic tool for microstructure, providing that the porous medium can be
considered as continuous, in other terms, that it is not traversed by major discontinuities.
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The assumption of continuity also implies, on the other hand, that the wavelength should
be greater than the size of the heterogeneities (grains, pores and cracks), so as to image
the representative or “averaged” porous medium, and to avoid undesirable scattering effects.
This second approach of considering elastic waves in porous media requires considerable
modelling and experimental efforts. This is the emphasis of this thesis, which focuses
on the velocity of elastic waves, e.g. on elastic properties. Our study is restricted to
sandstones, for many reasons besides their economic importance. Sandstones are well
studied and documented in the literature. Most sandstones are isotropic: this represents a
simple and somewhat general case that is as yet still far from being understood. The case
of anisotropic rocks such as shales is not considered here. Moreover, both carbonates and
shales exhibit a complex pore structure, and chemical interactions between the pore fluid
and the solid cannot be ignored for such rocks.
As with many other physical properties of rocks such as permeability, electrical resis-
tivity, or strength, elastic properties of rocks are determined to a great extent by their pore
structure. However, an exact treatment of the elasticity problem relating the overall elastic
properties of rocks to microstructure is a fairly unrealisable task for many reasons, the main
one being the complexity and heterogeneity of the pore shapes found in rocks. A rather
reasonable approach is to use a pore structure model that is realistic but simple enough to
be easily inferred from elastic wave velocities measurements and, ideally, that could be
used for modelling other physical properties of rocks. Pores can be idealised as spheroids,
which allow three-dimensional analytical treatment and can represent a wide variety of
possible pore shapes. However, exact solutions found in the literature for the elastic
compliance of spheroids are affected by typographical errors, and there is no available
derivation that explicitly starts from Eshelby’s results. The behaviour of the exact solutions
have not been studied in detail, and they are too cumbersome to be easily interpreted.
Simple asymptotic expressions have only been obtained in the limiting cases of thin cracks,
needles, or spherical pores. Chapter 2 derives exact as well as asymptotic expressions for
the elastic compliance of spheroids, dry and fully saturated.
The results obtained in Chapter 2 are valid in the limit of an infinitely dilute dispersion of
randomly oriented pores. Solutions for the overall elastic behaviour of porous rocks cannot
be simply found by adding up the individual pore contributions, because of the interactions
of stress and strain fields between nearby pores. The extreme difficulty of obtaining exact
solutions taking into account such interactions has been avoided by the use of effective
medium theories (such as the Mori-Tanaka, Differential, or Kuster-Tokso¨z schemes), which
are approximate methods resulting from thought experiments treating a porous rock like a
composite material - the mineralogical matrix containing pores. However, the behaviour of
the effective elastic moduli as a function of porosity, pore shape, and fluid compressibility,
has not been examined in sufficient detail so far, especially for the case of Poisson’s
ratio, which is of crucial interest in geophysics. Moreover, analytical solutions for the
Differential scheme are only available in a very small number of limiting cases. In Chapter
3, the expressions for the elastic compliance of spheroids presented in Chapter 2 are used
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as input in effective medium schemes, for dry and saturated solids. The complex and
non-trivial connections between Effective Medium Theories and the Gassmann equation of
poroelasticity are also discussed.
Chapters 2 and 3 show how elastic wave velocities can be related to microstructure,
regardless on the state of stress in the rock. In-situ, rocks are submitted to substantial
stresses. This creates the need for laboratory testing under pressure, where in-situ con-
ditions are reproduced by loading rock samples inside testing machines. Understanding
the effect of stress on elastic wave velocities is crucial to 4D seismic monitoring of
reservoirs. Using the pressure dependence of elastic wave velocities under hydrostatic
conditions is a powerful way to invert the pore aspect ratio distribution: as the confining
pressure increases, compliant cracks successively close up, the pore structure changes, and
eventually the high-pressure body must only reflect the influence of non-closable pores.
Thus far, no pore structure model has been proposed that can consistently explain the
effect of stress on both dry and saturated elastic wave velocities, considering the crack
closure process. In Chapter 4, pore aspect ratio distributions are inverted from dry
ultrasonic velocity data on sandstones, and predictions of both Gassmann and Effective
Medium Theories for velocities in saturated rocks are compared to saturated ultrasonic
velocity data. It should be noted that the present study is restricted to pressure ranges
where the rock behaviour remains purely elastic. Although mechanical properties of
rocks can be measured even if the rock is beyond the limit of elastic behaviour, this is not
considered here, due to the complexity of microstructure and processes involved in that case.
Although the change of stress generated by an elastic wave travelling through a rock
is negligible compared to the pre-existing and superimposed state of “static stress”, and
is generally well below the limit of linear elasticity of its components, another effect of
stress on elastic wave velocities, intrinsic to the travelling wave, needs to be considered:
the effect of the wave frequency, which is totally distinct from the effect of the imposed
static stress, as treated in Chapter 4. During the passing of a wave, is it well known that the
presence of fluid in the pores causes the behaviour of saturated rocks to be “viscoelastic”
rather than “purely elastic”. The ability of the fluid to move within the pore space depends
on the wave frequency, but also on fluid properties (compressibility, and viscosity) and pore
structure. A better understanding of the frequency dependence of elastic wave velocities is
crucial when comparing measurements obtained at different frequencies, such as the ones
used in the field (seismology, well or sonic logging), and the laboratory (ultrasonic). For
saturated rocks, the results obtained in the laboratory in the ultrasonic “high frequency”
range (megaHertz) may not be applicable to field measurements that are performed at
lower frequencies. Despite growing interest in recent years, there is a considerable lack of
experimental data on the frequency dependence of elastic wave velocities in the laboratory.
In turn, the development and verification of theoretical models is limited. Only ad hoc or
viscoelastic models have been proposed so far, which are not satisfying. New laboratory
measurements on Fontainebleau sandstone on the influence of pressure, frequency
and pore fluid on elastic wave velocities, which were obtained in the laboratory of Ecole
Normale Supe´rieure (ENS) of Paris, are reported in Chapter 5. In Chapter 6, the pore
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structure model established in Chapter 4 is used to propose a model for the frequency
dependence of elastic wave velocities as well as the attenuation, as this latter attribute is
also of importance in geophysics.
The thesis concludes with a summary of the results and the published material, and dis-
cusses possible directions in which this work can be extended.
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A spheroidal inclusion in an infinite, isotropic elastic solid provides a useful model to
calculate the elastic properties of rocks, ceramics, bones, and other porous materials.
Indeed, the ellipsoid is the only three-dimensional shape amenable to analytical treatment,
and exact expressions for the elastic field of an ellipsoidal inclusion were obtained by
Eshelby [1957]. The exact solutions for ellipsoids are, however, very unwieldy, and are
expressed in terms of elliptic integrals, and therefore need to be computed numerically.
Nevertheless, some recent papers have used the ellipsoidal pore as the basis of their
calculations [Markov et al., 2005; Giraud et al., 2008]. However, most modelling efforts
have utilised the spheroid, which is a degenerate ellipsoid having two axes of equal length,
as it offers simpler expressions. In its various forms, a spheroid can represent a wide variety
of pore shapes, such as thin cracks, cylinders, or spheres (Figure 2.1).
Exact expressions for the elastic compliance of spheroidal pores, i.e., the pore compress-
ibility P and the shear compliance Q, have been presented by Wu [1966] in terms of two
invariants (Tiijj,Tijij) of Wu’s tensor T, where T is a fourth-order “strain-concentration”
tensor relating the strain in the inclusion to the homogeneous strain applied at infinity.
Wu’s derivation (based on Eshelby’s results, and valid for arbitrary elastic properties of the
inclusion material) is exact, but the expressions given in his paper contain several typo-
graphical errors. The correct results were presented later by Kuster and Tokso¨z [1974]†,
but their derivation used a wave-scattering approach, and it is not entirely obvious that
their results should be the same as those derived from Wu’s tensor. Later, such expressions
for (Tiijj,Tijij) were also presented in Tokso¨z et al. [1976], Cheng and Tokso¨z [1979]
or Berryman [1980]‡, but they are based on the previous results of Kuster and Tokso¨z.
Closed-form expressions for P and Q, based on Eshelby’ results, are given by Dunn and
Ledbetter [1995], for the case of a dry spheroid. Unfortunately, their expressions again
contain some typographical errors. Kachanov et al. [2003] present expressions for the pore
compliances using the H-tensor formalism, which is completely equivalent to the T-tensor
formalism. For a spheroid in an isotropic host medium, H is a transversely isotropic tensor,
whose components are explicitly given as functions of Eshelby’s components, and from
which the pore compressibility and shear compliance can be extracted by some algebraic
manipulations. However, their expressions contain also some typographical errors, which
seem to start with an extraneous factor of 2 that appears outside of the parenthesised term in
the first equation on p. 263. Note that the same errors were included previously in Kachanov
†except of a trivial sign error present in the top equation of (B-12), p. 606.
‡Tokso¨z et al. [1976], in the top equation of appendix p. 642, Cheng and Tokso¨z [1979], in appendix
p. 7542, and Berryman [1980], in equation (A-3) p. 1830; all remove the wrong minus sign present in the
expressions given by Kuster and Tokso¨z [1974].
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et al. [1994] and Shafiro and Kachanov [1997]. Hence, it seems difficult to find in the
literature exact expressions for the pore compliances of spheroids that are derived from
Eshelby’s results in a clear manner. The first preliminary goal of this chapter is therefore to
explicitly derive the correct expressions for the pore compliances, starting from Wu’s tensor.
The expressions found for the elastic compliances are exact, and are applicable for the
entire range of spheroid aspect ratios, from zero (flat cracks) to infinity (long needles). But
these expressions are too cumbersome to be easily interpreted, and are too complex to be
used, for example, as input in effective medium theories, such as the Differential Effective
Medium scheme. This is why most works have used degenerate cases such as penny-shaped
cracks, spherical pores, or needle-like pores. In fact, such results are more easily derived by
starting directly with spherical or cylindrical geometries, rather than taking the limits of the
expressions for spheroids. Nevertheless, cracks are never infinitely thin, cylindrical pores
are never infinitely long, and spherical pores are never perfectly spherical. In particular,
rocks contain such a variety of pore shapes that it seems unrealistic to deal only with
such idealised inclusion geometries. Hence, it would be useful to have simple analytical
expressions for the compliances that are valid for more realistic pore geometries between
the limiting cases, such as cracks and needles of finite aspect ratio, or for “nearly” spherical
pores. Aside from an asymptotic expression derived by Zimmerman [1991a] for the pore
compressibility of a dry needle-like pore of finite aspect ratio, few such results seem to be
available. The second goal of this chapter is to present additional asymptotic expressions
for both the pore compressibility and shear compliance of “crack-like” and “needle-like”
pores of finite aspect ratio, and nearly spherical pores.
In this chapter, exact as well as asymptotic expressions for the pore compliances (P,Q)
will be calculated in the case of a dry spheroid (Section 2.1), and then in the more general
case of fluid-saturated spheroids (Section 2.2), using the micromechanics approach based
on Eshelby’s tensor. A main reason for treating first the simple case of dry pores is that
they present the most direct opportunity for focussing on the effect of the aspect ratio on
the pore compliances. It should also be remembered that, according to poroelasticity theory,
(P,Q) calculated for dry pores can also be equivalently thought as beeing the “drained” pore
compliances [LeRavalec and Gue´guen, 1996]. Gassmann’s equations [Gassmann, 1951] re-
late the drained and undrained bulk compliances of a fluid-saturated porous rock without
any assumption on pore shape; an equivalent of such relations can be obtained for the pore
compliances, at least in the limit of small pore concentrations. Jaeger et al. [2007] give a
closed-form relation between the undrained pore compressibility, Cpu, and the drained pore
compressibility Cpc. Nevertheless, the way that the predictions of the Gassmann equations
match the fluid-saturated (P,Q) values that can be independently calculated using the mi-
cromechanics approach remains to be studied in more detail, as most such discussions have
been focused on the overall bulk effective properties (which will be the content of Chapter
3) rather than pore properties. Clarifying this will be another goal of Section 2.2.
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Figure 2.1 Geometry of an oblate (left) and a prolate (right) spheroid. The dotted line represents the
plane normal to the axis of revolution; (a1,a2,a3) are the semi-axis of the spheroids in the directions
(x1,x2,x3), respectively. When “ﬂat” (i.e., for small values of α), oblate spheroids are “crack-like”;
when “long” (i.e., for large values of α), prolate spheroids are “needle-like”.
2.1 Compressibility and shear compliance of dry spheroids
2.1.1 Explicit derivation via Eshelby’s method
The purpose of this section is to derive exact expressions for the compressibility and shear
compliance of a dry spheroidal pore, starting from Eshelby’s tensor. These coefﬁcients
depend on the two invariants (Tiijj,Tijij) of the tensor T introduced by Wu [1966]. T is
deﬁned as follows: in the presence of an homogeneous strain ε applied at inﬁnity, the
resulting strain of an isolated pore, ε +Δε , is given by
ε +Δε = T : ε, (2.1)
where : denotes the double inner product of two tensors, i.e., in component form, since T
and ε are respectively two tensors of rank four and two, (ε +Δε)ij = Tijklεkl, where the
summation convention for repeated indices is used. The left-hand side of equation (2.1),
ε +Δε , is the total strain inside the inclusion. Because Δε is then the additional strain due
to the presence of the inclusion, T has often been referred as the “strain-concentration”
tensor (see, for example, Benveniste [1987]).
Knowledge of T is sufﬁcient for calculating the pore compliances. This can be easily seen
by remembering that in a Representative Elementary Volume (REV), comprising a solid of
elastic compliance tensor S0, and an inclusion, in proportions (1−φ) and φ , respectively,
the effective compliance tensor S is given by Kachanov et al. [2003] as
S = S0 +φ H, (2.2)
where H is the additional compliance due to the presence of the inclusion (n.b.: in some
previous studies, H is deﬁned so as to already contain the porosity term φ ). Note that the use
17
2 Elastic compliance of spheroidal pores
of the volume fraction in equation (2.2) should not give the impression that the volume frac-
tion should always be used as a microstructural parameter: for strongly oblate spheroids or
“cracks”, alternative normalizations of the pore compliances to a3 (a = a1 = a2, where a is
then the largest semiaxis of the spheroid, see Figure 2.1), in other words, to the crack density
parameter, are more appropriate in effective medium schemes [Sevostianov and Kachanov,
2008]. Also, in the case of inclusions having arbitrary elastic properties (such as fluid-filled
pores, see Section 2.2), when the contributions of individual pores have to be summed up in
effective medium theories,H-tensors should be preferred, since they represent by definition
the additional compliance of an individual pore [Kachanov and Sevostianov, 2005]. For dry
pores, however, H and T are simply related as follows:
H= T : S0, (2.3)
i.e., in components, T and S0 being both four rank tensors, Hijkl = TijmnS0mnkl. The result
given in equation (2.3) for dry pores is easily shown starting from well-known relations
between H and T, such as given by Kachanov et al. [2003] in the more general case of an
inclusion composed of an arbitrary elastic material (see Section 2.2.1), and then taking the
limit as the stiffness of this material vanishes. Combining the two previous equations (2.2)
and (2.3) gives
S : (S0)−1 = I+φ T, (2.4)
where I denotes the fourth-rank identity tensor with components Iijkl = (δikδjl + δilδkj)/2,
and where δ is the Kronecker symbol, i.e., δij = 1 if i = j, δij = 0 if i 6= j. The left-hand
side of equation (2.4) is simply the normalised effective compliance, and so it is clear from
the equation above that T is the normalised pore compliance tensor.
Another reason for using Wu’s tensor is that it is very simply related to Eshelby’s tensor,
E:
T= (I−E)−1 , (2.5)
which has also been obtained starting from general results found for an inclusion having
arbitrary elastic properties (see Section 2.2.1), and passing to the limit of a dry pore. The
components of E are explicitly known for spheroidal pores [Kachanov et al., 2003]. For
a spheroid of aspect ratio α , embedded in an isotropic solid having Poisson’s ratio ν , and
according to the conventions of orientations adopted in Figure 2.1, where the two directions
1 and 2 are equivalent, the components of E are:
E1111 =− 3α
2
8(1−ν)(1−α2) +
1
4(1−ν)
[
1−2ν+ 9
4(1−α2)
]
g, (2.6)
E3333 =
1
1−ν
[
2−ν− 1
1−α2
]
+
1
2(1−ν)
[
−2(2−ν)+ 3
1−α2
]
g, (2.7)
E1122 =
1
8(1−ν)
[
1− 1
1−α2
]
+
1
16(1−ν)
[
−4(1−2ν)+ 3
1−α2
]
g, (2.8)
E1133 =
α2
2(1−ν)(1−α2) −
1
4(1−ν)
[
1−2ν+ 3α
2
1−α2
]
g, (2.9)
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E3311 =
1
2(1−ν)
[
−(1−2ν)+ 1
1−α2
]
+
1
4(1−ν)
[
2(1−2ν)− 3
1−α2
]
g, (2.10)
E1212 =− α
2
8(1−ν)(1−α2) +
1
16(1−ν)
[
4(1−2ν)+ 3
1−α2
]
g, (2.11)
E1313 =
1
4(1−ν)
[
1−2ν+ 1+α
2
1−α2
]
− 1
8(1−ν)
[
1−2ν+31+α
2
1−α2
]
, (2.12)
with the following symmetries
E1111 = E2222, (2.13)
E1122 = E2211, (2.14)
E1133 = E2233, (2.15)
E3311 = E3322, (2.16)
E1212 = E2121, (2.17)
E1313 = E2323, (2.18)
and where g is a function of α , defined as follows for the two cases of oblate and prolate
spheroids:
g =
α
(1−α2)3/2
(
arccosα−α
√
1−α2
)
for an oblate spheroid (α < 1), (2.19)
g =
α
(1−α2)3/2
(
α
√
1−α2− arccosh α
)
for a prolate spheroid (α > 1). (2.20)
The other non-null components (such as E2121,E1221,. . . ) are obtained using the fundamen-
tal symmetry relations for Eshelby’s tensor, Eijkl = Ejikl = Eijlk.
T-tensor components are obtained from Eshelby’s tensor components by inverting equa-
tion (2.5). Some of the T-components are related to compression, others to shear. For ex-
ample, T1133 relates the total compressive strain in the inclusion (ε11 +∆ε11) to an applied
compressive strain ε33. The “trace” components related to compression are
[T ] =
T1111 T1122 T1133T2211 T2222 T2233
T3311 T3322 T3333
 , (2.21)
which, after inverting equation (2.5) by Cramer’s rule, are given by
[T ] =
1
∆
(1−E1111)(1−E3333)−E1133E3311 E1133E3311+E1122(1−E3333) E1133[(1−E1111)+E1122]E1133E3311+E1122(1−E3333) (1−E1111)(1−E3333)−E1133E3311 E1133[(1−E1111)+E1122]
E3311[(1−E1111)+E1122] E3311[(1−E1111)+E1122] (1−E1111)2−E21122

(2.22)
where
∆ = det
1−E1111 −E1122 −E1133−E1122 1−E1111 −E1133
−E3311 −E3311 1−E3333
 , (2.23)
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and the “deviatoric” components of T related to shear are
T1212 =
1
2(1−2E1212) ,
T1313 =
1
2(1−2E1313) .
(2.24)
T represents the normalised pore elastic properties, but still depends on the relative ori-
entations between the applied stress and the spheroid axes. If it is assumed that the solid
contains numerous pores having random orientations, the pore compressibility and shear
compliance can be extracted by an appropriate averaging of T-components. This averaging
process yields two invariants Tiijj and Tijij, where the summation convention for repeated
indices is used. The pore compressibility P and the pore shear compliance Q are then given
by
P =
Tiijj
3
, (2.25)
Q =
1
5
(
Tijij− Tiijj3
)
, (2.26)
where
Tiijj = (2T1111+T3333)+2(T1122+T1133+T3311) , (2.27)
Tijij = (2T1111+T3333)+2(T1212+2T1313) . (2.28)
As a result, P and Q are cumbersome combinations of Eshelby’s tensor components that
can be rearranged in the following forms:
P =
(1−ν)
6(1−2ν)
4(1+ν)+2α2 (7−2ν)− [3(1+4ν)+12α2 (2−ν)]g
2α2+(1−4α2)g+(α2−1)(1+ν)g2 , (2.29)
Q =
4
(
α2−1)(1−ν)
15{8(ν−1)+2α2 (3−4ν)+ [(7−8ν)−4α2 (1−2ν)]g}
×
{
8(1−ν)+2α2 (3+4ν)+ [(8ν−1)−4α2 (5+2ν)]g+6(α2−1)(1+ν)g2
2α2+(1−4α2)g+(α2−1)(1+ν)g2
−3
[
8(ν−1)+2α2 (5−4ν)+ [3(1−2ν)+6α2 (ν−1)]g
−2α2+[(2−ν)+α2 (1+ν)]g
]}
. (2.30)
The notations (P,Q) for the pore compressibility and shear compliance correspond to the
ones used by Mavko et al. [2009]. The expressions given above for P and Q are exact,
and are valid for the entire range of aspect ratios, from zero to infinity. The only difference
between the expressions for oblate spheroids (0<α < 1) and prolate spheroids (1<α <∞)
is contained in the function g, which is defined for oblate and prolate spheroids in equations
(2.19) and (2.20), respectively. It has been verified that the expressions of Tiijj and Tijij
exactly match the ones found by Kuster and Tokso¨z [1974]†, although they are expressed in
†if, however, the wrong minus sign in Kuster and Tokso¨z [1974] present in the top equation (B-12), p. 606,
is removed.
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Figure 2.2 Pore compressibility and shear compliance of a spheroidal pore, as a function of α ,
the spheroid’s aspect ratio, for a solid’s Poisson’s ratio ν = 0.25. Exact expressions for the pore
compressibility, P, and the shear compliance, Q, given by equations (2.29) and (2.30), have been
normalised respectively to Ps and Qs, compliances of a spherical pore given by equations (2.31) and
(2.32).
a different form; this was not a priori obvious. P and Q are functions only of the spheroid’s
aspect ratio, α , and the solid’s Poisson ratio, ν , although the effect of these parameters is
difﬁcult to infer from the complex expressions presented above. Figure 2.2 shows P and Q
as functions of the aspect ratio for a Poisson ratio equal to 0.25, and Figure 2.3 shows how
P (Figure 2.3a) and Q (Figure 2.3b) vary with aspect ratio for different values of the Poisson
ratio. P and Q have been normalised to Ps and Qs, which are respectively the compressibility
and the shear compliance of a spherical pore, obtained by taking the limit α = 1 in equations
(2.29) and (2.30):
Ps =
3(1−ν)
2(1−2ν) , (2.31)
Qs =
15(1−ν)
7−5ν . (2.32)
P and Q vary in very similar ways with both the aspect ratio (Figure 2.2), and with Poisson’s
ratio (Figure 2.3). Both take on a minimum value for spheres (α = 1), where they coincide
with the lower value of the Hashin-Shtrikman bounds (see Hashin and Shtrikman [1961]).
For thin -cracks (α → 0), P and Q become inﬁnite. More precisely, a ﬁrst-order asymptotic
development reveals that
P∼ 4
(
1−ν2)
3πα (1−2ν) , (2.33)
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Figure 2.3 a) Pore compressibility; b) shear compliance; of a spheroidal pore, as a function of α ,
the aspect ratio, for three values of ν , the solid’s Poisson’s ratio. Exact expressions for the pore
compressibility, P, and the shear compliance, Q, given by equations (2.29) and (2.30), have been
normalised respectively to Ps and Qs, compliances of a spherical pore, given by equations (2.31) and
(2.32).
Q∼ 8(1−ν)(5−ν)
15πα (2−ν) . (2.34)
For needles (α → ∞), ﬁnite limits for P and Q are found:
P→ 5−4ν
3(1−2ν) , (2.35)
Q→ 8(5−3ν)
15
. (2.36)
All such limits recover the well-known solutions for spherical pores [MacKenzie, 1950],
thin cracks [Walsh, 1965; Budiansky and O’Connell, 1976], and needles [Berryman, 1980],
which are often derived starting directly with the limiting geometries rather than by eval-
uating limits of the expressions (2.29) and (2.30). This agreement validates our present
calculations. However, the exact results for arbitrary aspect ratios are too cumbersome to be
used in further analytical treatment, such as input in the effective medium schemes. Hence,
it would be useful to have asymptotic expressions that are valid for cracks or needles having
ﬁnite aspect ratios, or for nearly spherical pores. Asymptotic expressions for these limiting
cases are derived in the next section.
2.1.2 Asymptotic expressions in limiting cases
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Figure 2.4 Pore compressibility and shear compliance of an oblate spheroid as a function of aspect
ratio, for a Poisson ratio ν = 0.25. Exact expressions for the pore compressibility, P, and the shear
compliance, Q, given by equations (2.29) and (2.30), have been normalised respectively to P−1 and
Q−1, the thin-crack limit coefﬁcients given by equations (2.39) and (2.40).
Crack-like pores The bulk and shear compliances of an inﬁnitely thin crack are each
of the form A(ν)α−1 (equations (2.33) and (2.34)). But the comparison with the exact
solutions clearly indicates that taking the thin-crack approximation is only valid when the
value of the pore aspect ratio is less than 0.1 for the pore compressibility, and less than
0.01 for the shear compliance (Figure 2.4). Hence, the thin crack approximation is not valid
for calculating elastic properties of rocks whose cracks have aspect ratios greater than 0.01.
Asymptotic expressions for the next two terms in the expansions have been derived: B(ν)α0
and C(ν)α1. The resulting three-term approximations are accurate for aspect ratios as high
as 0.3, with less than 2% error (Figure 2.5):
P∼ P−1
α
+P0 +P1α, (2.37)
Q∼ Q−1
α
+Q0 +Q1α, (2.38)
where (P−1,Q−1) follow from equations (2.33) and (2.34):
P−1 =
4
(
1−ν2)
3π (1−2ν) , (2.39)
Q−1 =
8(1−ν)(5−ν)
15π (2−ν) , (2.40)
and where (P0,Q0,P1,Q1) are found to be
P0 =
1
6
(1−ν)(1−2ν) , (2.41)
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Figure 2.5 Pore compressibility and shear compliance of an oblate spheroid, normalised to the thin-
crack limit coefﬁcients (P−1 and Q−1, respectively), according to the exact expressions (2.29) and
(2.30), and taking an increasing number of terms in the expansion series (2.37) and (2.38).
P1 =
(1+ν)(1−ν)
12(1−2ν)
[
π (1−2ν)2 + 8(7−8ν)
π
]
, (2.42)
Q0 =
2
15
[(
5−2ν2)+ 48(1−ν)(3−ν)
π2 (2−ν)2
]
, (2.43)
Q1 =
π
120
[
37−8ν (3+4ν−2ν3)
1−ν
]
+
4(1−ν)
15π (2−ν)2
[
−8(7+ν3)+3ν (9ν−1)+ 96(3−ν)2
π2 (2−ν)
]
. (2.44)
Kachanov et al. [2003] present an asymptotic expression for the H-tensor for a crack-like
oblate spheroid, but take only terms up to order α0 in the series expansion. After extracting
P0 from their expression for H, it is found that their P0 coefﬁcient is zero, which is
incorrect. However, the consequences of this error are small, as P0 is in fact very small (it
is interesting to note that Zimmerman [1991a] also incorrectly calculated P0 to be zero).
Hence, adding only the constant term in the expansion series (2.37) does not improve
the accuracy very much, as can be seen in Figure 2.5. For the shear compliance, on the
other hand, taking the second term Q0 improves the range of accuracy of the asymptotic
expansion from about 0.01 to 0.1. Including the next term, Q1α , provides an expression
that is accurate for α as large as about 0.3. Finally, note that asymptotic expressions for the
compliances of thin cracks were also obtained by Walsh [1969] in the more general case
of “soft” inclusions. If the Walsh solutions are now examined in the limit of dry cracks,
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for P the thin-crack asymptotic expression (2.33) is recovered, as expected; curiously,
for Q, an asymptotic expression of the form Q−1/α +Q0 is found, where Q−1 exactly
corresponds to the expression (2.40), but the coefficient Q0 is found to be simply equal to
1/5, which is incorrect. Although it has not been represented in Figure 2.5, the effect of
taking the additional term Q0 in the Walsh ad hoc solution, if compared to the thin-crack
approximation, improves the accuracy by a negligible amount compared to taking the exact
term Q0 found in the present analysis.
Zimmerman [1985a] derived an exact expression for the “effective pore compressibility”
G0Cpp, where G0 is the solid’s shear modulus, by solving the elastostatic problem and inte-
grating the normal displacement [Edwards, 1951] over the surface of the spheroidal cavity.
Cpc quantifies how the pore volume changes with confining pressure at constant pore pres-
sure, whereas Cpp quantifies how pore volume changes due to changes in the pore pressure,
with confining pressure being held constant. These two pore compressibilities are related
by
Cpc =C0+Cpp, (2.45)
where C0 is the matrix compressibility. But P is the normalised pore compressibility, so
P=K0Cpc, where K0 = 1/C0 denotes the solid’s bulk modulus. Remembering that K0/G0 =
2(1+ν)/3(1−2ν), expressions for K0Cpc can be converted to G0Cpp:
G0Cpp =
3
(
K0Cpc−1
)
(1−2ν)
2(1+ν)
, (2.46)
which yields, using the exact expression for P given by equation (2.29),
G0Cpp =
g
{
6g
(
1−α2)(1−2ν)+3[−3+4ν (1−α2)]}+4(1−ν)(1−α2)+6α2
4{α2+g [−4α2+1+g(1+ν)(α2−1)]} ,
(2.47)
which exactly corresponds to the expression found by Zimmerman [1985a]. Using G0Cpp
instead of K0Cpc (i.e., P) can be convenient, since it avoids Poisson’s ratio’s dependence in
some particular cases, e.g., such as the sphere limit, where G0Cpp = 3/4. Similarly, a series
expansion for G0Cpp, valid for 0 < α < 0.3 is obtained:
G0Cpp ∼ 2(1−ν)piα +
1
4
(1−2ν)(2ν−5)+ α (1−ν)
8pi
[
pi2 (1−2ν)2+8(7−8ν)
]
. (2.48)
Needle-like pores At the other end of the aspect ratio spectrum, the limits of (P,Q) when
α→∞ are given by equations (2.35) and (2.36). For needle-like pores of finite aspect ratio,
simple asymptotic expressions involving lnα are derived, which are accurate for aspect
ratios as low as 3 for the shear compliance, and as low as 2 for the pore compressibility,
with less than 0.5% error (Figure 2.6):
P∼ 5−4ν
3(1−2ν) +
(1+ν){4(1−ν) [1− ln(2α)]−1}
6(1−2ν)(1−ν)α2 , (2.49)
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Figure 2.6 Pore compressibility and shear compliance of a prolate spheroid, normalised to the
sphere limit coefﬁcients (Ps and Qs, respectively), according to the exact equations (2.29) and (2.30),
and to the asymptotic expansions (2.49) and (2.50). The expression found by Zimmerman [1985a]
for G0Cpp (equation (2.52)), converted to K0Cpc, is also shown.
Q∼ 8(5−3ν)
15
+
4
15
[
13−43ν +12ν2 (5−2ν)] [1− ln(2α)]+3ν (2−ν)−1
(1−ν)α2 . (2.50)
The accuracy of the asymptotic expressions is almost independent of ν , the solid’s Pois-
son ratio. Similarly, for G0Cpp, it is found that
G0Cpp ∼ 1+ 1α2
[
3−4ν
4(1−ν) − ln(2α)
]
. (2.51)
This result is close to the expression found by Zimmerman [1985a],
G0Cpp ∼ 2α
2 +1
2 [α2 + ln(2α)]
, (2.52)
but provides a somewhat better approximation, as shown by Figure 2.6.
Nearly spherical pores The case of a sphere is at the boundary between oblate and prolate
shapes, and gives the minimum possible value of both the compressibility and the shear
compliances (Figure 2.2). Kachanov et al. [2003] have examined the case of a slightly
deformed sphere, but their expressions for both the H-tensor and Eshelby’s components are
only linear in (1−α). As the sphere yields the minimum values of P and Q, linear terms of
the H-tensor and Eshelby’s components will not be sufﬁcient to yield expressions for P and
Q that are useful in the neighbourhood of a sphere. Moreover, as the compliances do not
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Figure 2.7 Pore compressibility (a) and shear compliance (b) of a nearly spherical pore, normalised
to the values for a sphere (Ps and Qs, respectively), according to the exact expressions given by
equations (2.29) and (2.30), and taking an increasing number of terms in the expansion series (2.53)
and (2.54).
behave in a symmetric manner around α = 1, an approximation that is only quadratic in (1−
α) has a very limited range of accuracy (Figure 2.7). Nevertheless, the series expansions
of P and Q in the neighbourhood of α = 1 converge quite rapidly so that, using only the
additional term that is cubic in (1−α), an approximation valid for 0.7 < α < 1.3 with less
than 0.5% error is obtained as follows:
P∼ 3(1−ν)
2(1−2ν)
{
1+
4(1+ν)
5(7−5ν) (1−α)
2
[
1+
83−73ν
7(7−5ν) (1−α)
]}
, (2.53)
Q∼ 15(1−ν)
7−5ν
[
1+
4(1−α)2
175(7−5ν)2
{
299−7ν (98−65ν)
+
138079−7ν [54357−7ν (7293−2225ν)]
49(7−5ν) (1−α)
}]
, (2.54)
and
G0Cpp ∼ 34
{
1+
12(1−ν)
5(7−5ν) (1−α)
2
[
1+
(83−73ν)(1−α)
7(7−5ν)
]}
. (2.55)
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2.2 Compressibility and shear compliance of fluid-saturated
spheroids
2.2.1 Explicit derivation via Eshelby’s method
The solutions for the elastic compliances (P,Q) of dry spheroids obtained in Section 2.1
are simply particular solutions taken in the limit of vanishing elastic properties of the
inclusion material. In the present section, elastic compliances (Pu,Qu) are calculated in the
more general case of fluid-saturated spheroids, considering that the pore fluid has a bulk
modulus Kf. The subscript “u” in (Pu,Qu) means that the undrained compliances of a pore
completely isolated with regards to fluid flow are implicitly calculated. Specifically, the
fluid present in the pores it treated as an elastic phase having no shear rigidity.
For arbitrary elastic properties of the inclusion material, whose compliance tensor is de-
noted by Si, the expression giving the Wu tensor T becomes [Benveniste, 1987]
T=
{
I+E : S0 :
[(
Si
)−1− (S0)−1]}−1 , (2.56)
and the Wu tensor is now related to the additional compliance tensor H, that is used to
express effective elastic properties, as follows [Kachanov et al., 2003]:
H=
(
Si−S0) : (Si)−1 : T : S0, (2.57)
noting that taking (carefully) the limit of an infinitely compliant inclusion material (Si→∞)
in equations (2.56) and (2.57), respectively, the relations (2.5) and (2.3) for dry pores are
recovered.
T-tensor components are obtained by inverting equation (2.56). The same calculation
steps as followed previously for dry pores (Section 2.1.1) yield the following final expres-
sions for the undrained pore compliances (Pu,Qu):
Pu =
{[(
12ν α2−24α2−12ν−3)g−4ν α2+14α2+4ν+4](1−ν)}
×
[(
12ν2−12ν2α2−6ν α2+12ξ ν2α2−12ξ ν2+6ξ ν α2−6ξ α2−6+6α2
+6ν+6ξ −6ξ ν)g2+ (−9ξ −12ξ ν α2−12ν+6+48ν α2+12ξ ν2−24α2
−12ξ ν2α2+3ξ ν)g+4ξ ν2α2−4ξ ν2−24ν α2+4ξ +2ξ α2+12α2
+6ξ ν α2
]−1
, (2.58)
Qu = 4/5
{[
−1+ν
][
−136ξ α4ν+24α6ξ ν2+96ξ ν α2+88ξ ν2α2+16α6ξ
−352α6ν−80ξ ν2α4+144α6+544α4ν+96ξ ν3α4+40ξ α4+128α6ν2
+
(−70−486ξ α4ν+192ν3α2+180α6ξ ν2+378ξ ν α2+198ξ ν2α2−88α6ξ
−588α6ν−369ξ ν2α4+268α6+1026α4+408ξ ν3α4−192ν3α4+291ξ α4
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+64ν3α6−64ν3+72α6ν2−252ν2α4−426α4+228α2+288ν2α2−648ν α2
−9ξ ν2−120ξ ν−228ξ α2+228α6ξ ν−408ξ ν3α2+210ν−136ξ ν3α6
−108ν2+25ξ +136ξ ν3)g2−256ν2α4−208α4+64α2+128ν2α2−192ν α2
−32ξ ν2−32ξ ν−88ξ α2+72α6ξ ν−96ξ ν3α2−32ξ ν3α6+32ξ +32ξ ν3
+
(−6+162ξ α4ν−144ν3α2−72α6ξ ν2−108ξ ν α2+48α6ξ +72α6ν
+108ξ ν2α4−48α6−162α4ν−144ξ ν3α4+144ν3α4−90ξ α4−48ν3α6
+48ν3+72α6ν2−108ν2α4+90α4−36α2+108ν α2−36ξ ν2+18ξ ν
+36ξ α2−72α6ξ ν+144ξ ν3α2−18ν+48ξ ν3α6+36ν2+6ξ −48ξ ν3)g3
+
(
80+408ξ α4ν+96ν3α2−106α6ξ ν2−300ξ ν α2−210ξ ν2α2−2α6ξ
+1012α6ν+264ξ ν2α4−404α6−1800α4−312ξ ν3α4−96ν3α4−168ξ α4
+32ν3α6−32ν3−424α6ν2+1056ν2α4+648α4−324α2−840ν2α2
+1044ν α2+52ξ ν2+104ξ ν+222ξ α2−212α6ξ ν+312ξ ν3α2−256ν
+104ξ ν3α6+208ν2−52ξ −104ξ ν3)g]}
×
{[(
α2−ν+ν α2+2)g−2α2][(7−4α2−8ν+8ν α2)g−8+6α2+8ν
−8ν α2
][(
12ν2−12ν2α2−6ν α2+12ξ ν2α2−12ξ ν2+6ξ ν α2−6ξ α2
−6+6α2+6ν+6ξ −6ξ ν)g2+ (−9ξ −12ξ ν α2−12ν+6+48ν α2+12ξ ν2
−24α2−12ξ ν2α2+3ξ ν)g+4ξ ν2α2−4ξ ν2−24ν α2+4ξ
+2ξ α2+12α2+6ξ ν α2
]}−1
, (2.59)
where the function g is given by equations (2.19) and (2.20) for oblate and prolate spheroids,
respectively, and where ξ , which is the ratio of solid and pore fluid compressibilities,
ξ =
Kf
K0
, (2.60)
naturally appears as a crucial parameter. It has been verified that the analytical expressions
for (Pu,Qu) exactly match the ones given in Kuster and Tokso¨z [1974]†, as for dry pores.
The expressions (2.29)-(2.30) for (P,Q) are also recovered by letting the pore fluid com-
pressibility to be infinite, i.e., ξ → 0, in equations (2.58) and (2.59), as expected. Pu and Qu
are very complicated functions of α , the spheroid aspect ratio, ν , the solid’s Poisson’s ratio,
and ξ , the ratio of solid and fluid compressibilities. Figures 2.8 and 2.9 show, respectively,
Pu and Qu as functions of the aspect ratio for a Poisson ratio equal to 0.25, and three differ-
ent values of ξ , as well as the dry case (ξ = 0).
Saturating fluids are, in general, much more compressible that the minerals, i.e.,
ξ = Kf/K0 < 1. Although sandstones exhibit a large variation in the compressibility of
†if, however, the wrong minus sign in Kuster and Tokso¨z [1974] present in the top equation (B-12), p. 606,
is removed.
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Figure 2.8 Undrained pore compressibility of a ﬂuid-saturated spheroidal pore, as a function of
α , the spheroid’s aspect ratio, for a solid’s Poisson’s ratio ν = 0.25, and three different values of
ξ , ratio of solid and ﬂuid compressibilities (the dry case corresponds to ξ = 0). The exact expres-
sion for the undrained pore compressibility, Pu given by equation (2.58) has been normalised to Ps,
compressibility of a dry sphere (equation (2.31)).
their grains, K0 is usually in the range 10-50 GPa: thus, the case of pores saturated with
water (whose bulk modulus is roughly equal to 2 GPa) lies somewhere between ξ = 0.1
and ξ = 0.01 (Figures 2.8 and 2.9). The case of pores saturated with gas would require
values of ξ in the range 10−4-10−6: such results have not been shown in the ﬁgures, as
they would overlap the ones obtained in the limit ξ → 0 for “dry” pores. This conﬁrms
that the commonly used assumption that gas saturated rocks can be treated as dry rocks for
modelling elastic behaviour of porous media is reasonable.
As expected, when pores are saturated with a resisting compressible ﬂuid, (Pu,Qu) are
both lower than the dry compliances (P,Q) (Figures 2.8 and 2.9). This effect is much more
signiﬁcant for Pu and is often referred as the “Skempton effect”: when a pore is submitted
to a change of hydrostatic pressure, the resulting change of pore pressure is indeed given by
the Skempton coefﬁcient (see Section 2.2.2). In contrast, the reason why Qu < Q is much
less obvious. Pore ﬂuids offer a resistance only to displacements that are normal to the
cavity boundary, and not to tangential ones [O’Connell and Budiansky, 1974]. However,
under anisotropic stress ﬁelds such as shear loading, resolved stresses on pore walls can be
compressive for pores having preferred orientations. Note that, more precisely, this effect
is optimal when the spheroid axis is inclined at 45 degrees to the applied shear stress. The
problem of calculating the induced pore pressure under any state of applied stress has been
solved by Shaﬁro and Kachanov [1997]. Since the Wu tensor is averaged over an isotropic
distribution of pore orientations, the overall mean shear compliance of a ﬂuid-saturated pore
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Figure 2.9 Undrained pore shear compliance of a ﬂuid-saturated spheroidal pore, as a function of α ,
the spheroid’s aspect ratio, for a solid’s Poisson’s ratio ν = 0.25, and three different values of ξ , the
ratio of solid and ﬂuid compressibilities (the dry case corresponds to ξ = 0). The exact expression
for the undrained pore shear compliance, Qu given by equation (2.59) has been normalised to Qs,
shear compliance of a dry sphere (equation (2.32)).
depends on the ﬂuid compressibility and is lower than for a dry pore, providing of course
that a pore has itself (by its shape) a preferred orientation. It is clear from Figure 2.9 that
the effect of the pore ﬂuid on Qu disappears as pore shapes approach sphericity. It is found
that, although Figure 2.11 might give the wrong impression that the ﬂuid compressibility
has no effect on Qu for all prolate spheroids, the sphere is actually the only pore shape for
which Qu does not depend on ξ . Such a result should have been expected, as it is difﬁcult
to imagine that shearing a sphere could result in a compressive resolved stress on the pore
walls. As α → 1 in equations (2.58)-(2.59), the following limits are obtained:
Pu → 3(1−ν)2(1−2ν)+ξ (1+ν) , (2.61)
Qu → 15(1−ν)7−5ν , (2.62)
where the limit found in equation (2.62) is thus exactly equal to Qs, the shear compliance
of a dry sphere, as given by equation (2.31). For thin-cracks (α → 0), a ﬁnite limit is found
for Pu, whereas Qu remains inﬁnite:
Pu ∼ 1ξ =
K0
Kf
, (2.63)
Qu ∼ 8(1−ν)πα (2−ν) . (2.64)
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Note that such asymptotic solutions are consistent with the ones that can be extracted
from Budiansky and O’Connell [1976], Henyey and Pomphrey [1982] and Kachanov [1994]
(although the expressions giving the pore compliances, in such works, are “hidden” inside
the effective medium schemes), and also Walsh [1969]. For needles (α → ∞), finite limits
for Pu and Qu are obtained:
Pu→ 5−4ν3(1−2ν)+2ξ (1+ν) , (2.65)
Qu→ 2 [4(1−2ν)(5−3ν)+ξ (1+ν)(13−8ν)]5 [3(1−2ν)+2ξ (1+ν)] . (2.66)
By letting ξ → 0 in equations (2.61)-(2.62) and (2.65)-(2.66), respectively for spheres and
needles, the dry limits given by equations (2.31)-(2.32) and (2.35)-(2.36) are recovered,
as expected. In contrast, for infinitely thin -cracks, the passing to the limit ξ → 0, when
done in second after α → 0, is slightly peculiar (a useful discussion of this can be found
in Berryman et al. [2002]). Although it is physically consistent that the (normalised) pore
compressibility Pu of an infinitely thin crack saturated with fluid is finite and simply equal
to the ratio of the fluid and solid compressibilities (see equation (2.63)), and that Pu and
Qu both take infinite values as ξ → 0 in equations (2.63) and (2.64), nevertheless the
asymptotic development for Qu does not depend on the fluid compressibility at all, but the
result is still different from the one obtained in the dry case (equation (2.34)).
In the other extreme case, where the compressibilities of the pore fluid and the solid
matrix are equal (ξ → 1), Pu→ 1 for spheres, thin-cracks and needles (see equations (2.61),
(2.63) and (2.65), respectively), as well as for any value of α (which is easily verified
analytically by letting ξ → 1 in equation (2.58)). It is not the case for Qu, whose behaviour
is not strongly dependent on the fluid compressibility.
2.2.2 Consistency with the Gassmann relations for a fluid-filled pore
The bulk and shear compliances of spheroidal pores, dry and then fluid-saturated, have been
explicitly derived using the Wu-Eshelby formalism in Sections 2.1.1 and 2.2.1, respectively.
Results for (P,Q) can be recovered simply by letting the pore fluid moduli vanish in the
expressions for (Pu,Qu). However, as drained compliances are equal to dry compliances
(they correspond to a situation where confining pressures and pore pressures can be varied
independently), the question of whether (Pu,Qu) can be independently calculated starting
from (P,Q) and invoking the Gassmann equation is addressed here.
The first step is to recall that by taking volumetric and deviatoric parts of equation (2.4),
the bulk and shear moduli (K,G) of a solid containing a dilute concentration φ of one family
of randomly oriented dry spheroids are found to be given by
K0
K
= 1+φP, (2.67)
G0
G
= 1+φQ. (2.68)
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For a solid containing a dilute concentration of randomly oriented fluid-saturated spheroids,
starting from equation (2.2), then substituting H-tensor into the T-tensor using equation
(2.57) and following the same procedure, the bulk and shear moduli (K¯, G¯) are in turn given
by
K0
K¯
= 1+φ (1−ξ )Pu, (2.69)
G0
G¯
= 1+φQu. (2.70)
The relations (2.67) and (2.68) for dry pores are then simply recovered by taking ξ → 0 in
equations (2.69) and (2.70).
Bulk compliance of a dry and fluid-filled pore Equation (2.67), if multiplied by the
compressibility of the solid C0 = 1/K0, is exactly equivalent to the well-known relation
between drained bulk and pore compressibilities, respectively Cbc and Cpc [Zimmerman
et al., 1986]:
Cbc =C0+φCpc, (2.71)
where Cbc and Cpc respectively quantify how the bulk and pore volume change with
confining pressure at constant pore pressure. As already mentioned in Section 2.1.1, it is
particularly clear from equation (2.67) that P is the normalised additional pore compress-
ibility of a dry pore, and more precisely that P=K0 Cpc by comparison with equation (2.71).
For fluid-saturated pores, using the same argument, the right-hand side of equation (2.69)
shows that the normalised additional undrained pore compressibility is then Pu (1−ξ ) (and
not Pu), e.g., it predictably vanishes when the solid and fluid compressibilities are equal
(ξ = 1). Moroever, although confining and pore pressures cannot be varied independently
for undrained compression, it is still possible to define the undrained compressibilities Cbu
and Cpu, which respectively quantify how bulk and pore volume change with respect to
confining pressure, and are analogous to Cbc and Cpc [Jaeger et al., 2007]. The left-hand
side of equation (2.69) is then simply the product K0 Cbu. However, it is not obvious how
Pu is related to Cpu, as curiously there is no analogue of equation (2.71) for undrained
compression, explicitly derived in the literature, that would relate Cbu and Cpu. Such a
relation must exist, and is derived here.
Gassmann’s equation for the compressibility relates the drained and undrained bulk com-
pressibilities (Cbu,Cbc) and can be written in the form [Jaeger et al., 2007]
Cbu =Cbc(1−bB), (2.72)
where b = 1−C0/Cpc is the Biot coefficient [Biot and Willis, 1957], and B is Skempton co-
efficient [Skempton, 1954]. B gives the magnitude of induced pore pressure under undrained
compression, i.e. [Jaeger et al., 2007],
B =
dPp
dPc
, (2.73)
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where (Pc,Pp) are the confining and pore pressures, respectively. If εp denotes the deforma-
tion of a pore, the previous definition (2.73) can be rewritten, using the chain rule, as
B =
dPp
dεp
dεp
dPc
, (2.74)
i.e., by definition of the compressibilities,
B =
Cpu
Cf
. (2.75)
Using equation (2.75), and (2.71) to replace Cbc with Cpc, equation (2.72) can be rewritten
as follows:
Cbu =
[
C0+φCpc
][
1−
(
1− C0
C0+φCpc
)
Cpu
Cf
]
. (2.76)
However, Cbu still depends on both pore compressibilities Cpc and Cpu. An additional re-
lation between these two compressibilities can be found remembering that the Skempton
coefficient is related to the “effective” drained pore compressibility Cpp as follows [Jaeger
et al., 2007]
B =
C0+Cpp
Cf+Cpp
. (2.77)
Since Cpp =C0−Cpc,
B =
Cpc
(Cf−C0)+Cpc . (2.78)
Therefore, an equivalent of Gassmann’s equation relating drained and undrained pore com-
pressibilities is obtained by combining equations (2.75) and (2.78):
Cpc =
(Cf−C0)Cpu
Cf−Cpu . (2.79)
Using the previous relation (2.79), Cpc can now be eliminated in equation (2.76) which
finally leads, after some algebra, to the desired relation between the undrained bulk and
pore compressibilities:
Cbu =C0+φCpu (1−ξ ) . (2.80)
The comparison of equations (2.69) and (2.80) shows that Pu is exactly equal to K0 Cpu,
which was far from being obvious. Equation (2.79) reformulated using (Pu,P) instead of
(Cpu,Cpc) yield, after trivial algebraic manipulations,
Pu =
P
(1−ξ )+ξP . (2.81)
Hence, Pu can be calculated from P by invoking Gassmann’s equation for the pore com-
pressibilities, and leads exactly to the same result as using the Eshelby-Wu formalism. It
was far from obvious that a relation of the Gassmann-type holds between Pu and P, or in
other terms that inserting the exact expression (2.29) for P in equation (2.81), would exactly
yield Pu as in equation (2.58). Such a statement is valid for any value of the spheroid aspect
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ratio: for example, the expressions (2.31) and (2.61), respectively obtained for dry and sat-
urated spheres, do indeed verify (2.81). It will be seen in Chapter 3 that such a result was
expected, when remembering the assumptions of effective medium and Gassmann theories
on pore pressure equilibrium.
Shear compliance of a dry and fluid-filled pore The normalised additional undrained
pore shear compliance is (simply) Qu (see equation (2.70)). According to Gassmann’s anal-
ysis, since an assemblage of randomly oriented pores do not undergo any net volume change
due to an applied shear stress, the undrained shear compliance should be simply equal to
Q. However, it was found in Section 2.2.1 that, according to the Eshelby-Wu tensor, Qu
depends (albeit weakly) on the pore fluid compressibility, and is lower than Q. Contrary to
P and Pu, Q and Qu are not consistent with Gassmann’s equations, and do not seem to be
trivially related at all.
2.2.3 Asymptotic expressions in limiting cases
Undrained pore compressibility Another implication of the analysis carried in Section
2.2.2 is that asymptotic expressions for Pu can be simply obtained by inserting the corre-
sponding asymptotic expressions for P, which have been already derived in Section 2.1.2,
into Gassmann’s equation for the pore compressibility (2.81). Such relation can be alterna-
tively written in the form:
Pu =
P
1−ξ
(
δ
1+δ
)
, (2.82)
recovering the expression given in Shafiro and Kachanov [1997] for the parameter δ , which
characterises the “coupling” between pore fluid and solid pressures:
δ =
1−ξ
Pξ
. (2.83)
Note that the limits of dry pores (ξ → 0) and infinitely thin-cracks (α → 0), correspond to
δ → ∞ and δ → 0, respectively.
The asymptotic expressions found for Pu have the same range of accuracy with respect
to the aspect ratio α as for dry pores (see Section 2.1.2). However, the particular case of
thin cracks is of particular relevance, as this approximation is widely used in rock physics
models, and as it is also the only limiting case for which an asymptotic expression for Qu is
found (see next paragraph). In the limit α → 0, retaining only the first term in α−1 in the
asymptotic development for P (equation (2.33)), equation (2.82) directly yields
Pu ∼ 4(1−ν
2)
3piα(1−2ν)
(
δc
1+δc
)(
1
1−ξ
)
, (2.84)
which is consistent with the results previously obtained by Kachanov [1994]. δc is simply
the value of δ obtained for thin cracks:
δc =
3piα(1−ξ )(1−2ν)
4ξ (1−ν2) . (2.85)
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Figure 2.10 Undrained pore compressibility of a ﬂuid-saturated spheroidal pore, normalised to the
thin-crack limit coefﬁcient P−1 (equation (2.39)), according to the exact expression (2.58), and the
thin-crack approximation (2.84). Results are also shown for the dry case (ξ = 0).
The asymptotic approximation (2.84), that takes only one term in 1/α in the series
expansion as α → 0, is valid for α < 0.1 regardless of the value of the ﬂuid compressibility
(see Figure 2.10). By letting ξ → 0 in equation (2.84), the asymptotic expression (2.33)
for dry cracks is recovered, which is consistent. The asymptotic expression (2.84) has a
considerably wider range of accuracy that the ﬁnite limit Pu ∼ 1/ξ as given by equation
(2.63), which is now recovered by letting α → 0 in (2.84).
The asymptotic limits (2.63) and (2.64) were implicitly used by Henyey and Pomphrey
[1982] as input in the Differential scheme. However, it is found that such limits are only
valid when the ratio α/ξ is lower than 0.01 (see, for instance, Figure 2.8), e.g., for cracks
saturated with water (ξ ≈ 0.05) when α < 5.10−4, which is not sufﬁciently large to cover
the range of crack aspect ratios commonly found in rocks. Moreover, the assumption that
cracks are inﬁnitely thin or “disk-shaped”, which is to say that they have no volume, is
not realistic for ﬂuid-saturated cracks, as it prevents bulk ﬂuid properties from being taken
into account. It notably leads to a null contribution of cracks to the overall bulk properties:
indeed, in equation (2.69), the product φPu (1−ξ ), as φ = 0 and Pu is ﬁnite, is simply zero.
Note that in the case of dry, inﬁnitely thin cracks, as P take inﬁnite values (see equation
(2.33)), the product φP taken in equation (2.67) remains, on the contrary, ﬁnite. As long
as the approximation that P is inversely proportional to α , as in equation (2.33), is valid,
simple solutions for the contribution of dry cracks can be consistently obtained by assuming
that they are inﬁnitely thin. This leads to the use of the crack density parameter rather than
the porosity as an appropriate microstructural parameter (see Chapter 3).
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Figure 2.11 Undrained pore shear compliance of a ﬂuid-saturated spheroidal pore, normalised to
the thin-crack limit coefﬁcient Q−1 (equation (2.40)), according to the exact expression (2.59), and
the thin-crack approximation (2.86). Results are also shown for the dry case (ξ = 0).
Undrained pore shear compliance As α → 0, a “higher-order” asymptotic expression
for Qu is found:
Qu =
[
8(1−ν)(5−ν)
15πα(2−ν)
][
δc +3/(5−ν)
1+δc
]
, (2.86)
that takes into account the pore ﬂuid compressibility, contrary to the asymptotic expression
(2.64), and is valid for α < 0.01 (Figure 2.11), regardless of the ﬂuid compressibil-
ity. Hence, the set of “ﬁrst-order”, thin saturated crack approximations for (Pu,Qu), as
given by equations (2.84) and (2.86), respectively, is valid when α < 0.01 (as for dry pores).
On right-hand side of equation (2.86), the ﬁrst bracketed term on the left is simply the
thin-crack limit (2.34) obtained for the dry shear compliance Q. The second bracketed
term contains the parameter δc, which in turn depends on the thin-crack compressibility
(see equations (2.83) and (2.85)). The asymptotic expression (2.86) is consistent with
the results obtained by Budiansky and O’Connell [1976] and Kachanov [1994], although
in the present work it was assumed that the expression contains δc in such an algebraic
form, which was far from obvious (Shaﬁro and Kachanov [1997] seem to give such
proof in a indirect manner). By letting ξ → 0 ﬁrst, the thin-crack limit (2.34) for the dry
shear compliance Q is now recovered, as expected; by letting α → 0 ﬁrst, as δc → 0, the
asymptotic development (2.64) is recovered. Finally, note that, the expression for Qu found
by Walsh [1969] (see Section 3.1.2 for dry cracks), which seems to add one more term
ad hoc in the expansion series, again improves the accuracy by a very small amount if
compared to the thin-crack approximation (2.86) found in the present analysis.
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For other limiting cases, such as needles with finite aspect ratios, and nearly spherical
pores, no asymptotic expressions for Qu have been found. This is likely to be due to the
complex way that the pore fluid compressibility enters into the mean undrained pore shear
compliance, whose exact expressions is extremely cumbersome (see equation (2.59)). How-
ever, the value of having such expressions is relatively low: as noted in Section 2.2.1, the
influence of the pore fluid on Qu vanishes for spherical pores, and the maximum change
of pore shear compliance with fluid saturation, which (in the prolate range) is obtained for
infinitely long-needles, is only 2% between ξ = 0 and ξ = 1.
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containing spheroidal pores
In Chapter 2, the hydrostatic and shear compliances of spheroidal pores were expressed
explicitly as functions of the pore aspect ratio, the fluid compressibility, and the elastic
moduli of the minerals. Unfortunately, Eshelby’s ensuing expressions for the effective
moduli of a material containing these pores (equations (2.67)-(2.68) and (2.69)-(2.70) for
dry and saturated pores, respectively) are only valid at very small inclusion concentrations,
as it is implicitly assumed that a given pore is placed in an homogeneous and infinite solid
matrix. Extending the small-concentration results to higher concentrations has proven to be
a difficult task: indeed, the complexity of the interactions of stress and strain fields between
nearby pores renders an exact treatment impossible.
Various approximate schemes, commonly known as “effective medium theories”,
have been proposed to calculate the effect of pore interactions on the overall elastic
properties. The Differential Effective Medium theory [Salganik, 1973; McLaughlin, 1977;
Zimmerman, 1984; Norris, 1985] calculates the effective elastic moduli by considering
that inclusions are introduced into the body in small amounts, with the effective moduli
re-calculated at each step; this leads to a pair of differential equations for the effective bulk
and shear moduli. The predictions of the Differential scheme, which always lie between
the rigourous bounds derived by Hashin and Shtrikman [1961], are quite accurate even
at high inclusions concentrations. This accruing evidence comes from comparisons with
numerical simulations (see, among others, [Roberts and Garbozci, 2002; Saenger et al.,
2004, 2006; Shen and Li, 2004; Suvorov and Selvadurai, 2011]); and with a few sets of
experimental data obtained on synthetic materials [Zimmerman, 1991a; Berge et al., 1993,
1995; Carvalho and Labuz, 1996]. The Mori-Tanaka “effective field” method [Mori and
Tanaka, 1973; Benveniste, 1987], considers that inclusions are subjected to the actual
mean stress experienced by the matrix. In a porous material, the latter stress is expected
to be greater than the remote, “far-field”stress, the subsequent calculated deformation of
a given pore is expected to be greater than in the dilute approximation. Comparison with
both experiments [Carvalho and Labuz, 1996] and numerical simulations [Suvorov and
Selvadurai, 2011] show that the predictions of the Mori-Tanaka scheme are quite accurate
for the range of porosities commonly found in sandstones. Application of the Mori-Tanaka
scheme to composite solids containing spheroidal inclusions can be found, for example,
in Tandon and Weng [1986]. Criticisms on the validity of this method for high-inclusions
concentrations, as well as for certain limiting geometries, have been given by Ferrari
[1991, 1994] and Berryman and Berge [1996]. Whereas the Mori-Tanaka method has been
widely used in the material science community, the “wave-scattering” method of Kuster
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and Tokso¨z [1974] is quite popular in geophysics. According to the Kuster-Tokso¨z scheme,
the effective moduli are calculated by equating the displacements fields of elastic waves
scattered by individual inclusions and an equivalent “homogeneous composite medium”.
As multiple scattering effects are assumed to be negligible, interactions between pores
are not explicitly taken into account. However, although the predictions of Kuster-Tokso¨z
scheme have a limited range of validity, they still differ from the ones obtained using the
no-interaction approximation (for useful such discussions, see Berryman and Berge [1996]
and LeRavalec and Gue´guen [1996]).
For a solid comprising one family of randomly oriented pores, both the Mori-Tanaka and
Kuster-Tokso¨z schemes are explicit, in the sense that asymptotic expressions for the dry and
fluid-saturated effective moduli are directly obtained by simply inserting the corresponding
expressions for the pore compliances (cf. Chapter 2) into general closed-form expressions.
This assertion is not true for the Differential scheme, as the pore compliances coefficients
enter into the set of differential equations in a implicit manner and need to be recalculated
incrementally.
For solids containing dry pores, most works have used analytical solutions for the
Differential scheme that have only been given so far in the limiting cases of infinitely thin
cracks (α → 0) and spherical pores (α = 1) by Zimmerman [1991a,b]. Berryman et al.
[2002] examined the case of infinitely long dry needles (α → ∞), but they did not give
explicit solutions. Although these authors also presented solutions for cracks that seem
to be valid for α < 0.1, their analysis is based on the thin-crack approximation and the
decoupling of the differential equations involve assumptions that are not strictly rigourous.
Apart from such limiting cases, exact solutions can only be obtained by numerical inte-
gration. Hence, it would be useful to have approximate analytical solutions that are valid
for pore geometries that lie between the limiting cases. The asymptotic expressions for P
and Q presented in Chapter 2 for crack-like, nearly spherical and needle-like pores, which
cover accurately a wide range of aspect ratios, can be used as input in the Differential
scheme. The first goal of this chapter is therefore to present asymptotic solutions for the
Differential scheme (Section 3.1.2). The results will be then compared to those obtained
using the expressions for P and Q as input in the Mori-Tanaka and Kuster-Tokso¨z schemes,
in Section 3.1.3.
For solids containing fluid-saturated pores, the perspective of obtaining analytical
solutions for the Differential scheme is, first of all, severely limited by the range of
accuracy of the asymptotic expressions found for the undrained pore compliances (Pu,Qu);
indeed, although the derived asymptotic expressions for Pu cover a range of accuracy as
large as P for dry pores, equivalent expressions for Qu were only obtained for very thin
cracks (α < 0.01) (cf. Chapter 2). Moreover, even in the limiting cases, analytical solutions
for the Differential scheme are very difficult to obtain, because for finite, non-zero values
of the fluid compressibility, the pair of differential equations cannot be decoupled as can be
done by Zimmerman [1991b] in the cases of dry pores or rigid spherical inclusions. Henyey
and Pomphrey [1982] present analytical solutions for the Differential scheme for infinitely
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thin cracks (i.e., disks). However, as noted in Chapter 2, the assumption that cracks have
no volume is not realistic for saturated cracks, as it leads to solutions that do not depend
on the fluid compressibility. Moreover, their asymptotic expressions are only valid for
very thin cracks filled with a highly incompressible fluid (cf. Chapter 2). The analytical
solutions given by Berryman et al. [2002] in the case of solids containing saturated cracks
are subjected to the same criticism as in the previous paragraph for dry solids. In Section
3.2.2, the exact predictions of the Differential scheme, which are calculated numerically,
show the effect of pore concentration, pore shape and fluid compressibility on the effective
elastic moduli.
Saturated effective moduli can also be independently obtained from the Gassmann
equations of poroelasticity theory [Biot, 1941, 1956a], using the dry moduli, the porosity
and the fluid bulk modulus. However, as noted in Chapter 2, Gassmann’s equations
assume local fluid pressure equilibrium between the pores, whereas effective medium
theories implicitly treat the pores as being completely isolated with regards to fluid flow,
which is an entirely different assumption. The values obtained for dry and saturated
effective moduli by utilising effective medium theories are, in general, not consistent with
Gassmann’s relations. More precisely, effective medium theories generally yield stiffer
saturated moduli. To first order, this discrepancy depends on the geometry of the pores
and the effective modulus concerned (K or G), but it also depends, to second order, on
the effective medium theory that is used (see [LeRavalec and Gue´guen, 1996], Grechka
[2009] and Suvorov and Selvadurai [2011], among others). A discussion of the consistency
of the Gassmann and effective medium theories for saturated elastic moduli, that is based
“qualitative” arguments of “pore pressure equilibrium”, but also on the analytical results
for the dry and undrained pore compliances previously obtained in Chapter 2, is given in
Section 3.2.3.
The effective Poisson’s ratio, ν , is directly related to the ratio of compressional to shear
wave velocities. This parameter has long been used in the Earth sciences because of its
sensitivity to the microstructure and fluid content [Hamilton, 1979; Wilkens et al., 1984].
For dry porous solids, as ν is a function only of the porosity, the pore aspect ratio and
the Poisson’s ratio of the solid, measurements of ν could be used as a diagnostic tool for
studying the pore structure. Moroever, it is generally agreed that for fluid-saturated rocks,
an increase in fluid content results in higher values of Poisson’s ratio (see, for instance, the
comprehensive review given by Castagna et al. [1985]). However, Brantut et al. [2012]
have recently shown in dehydration experiments on gypsum that, for a given pore fluid,
an increase of porosity can surprisingly result in decreasing values of ν . The last aim
of the present study is to then look at the behaviour of Poisson’s ratio as function of the
porosity, with special attention on the high-concentration limit, using the exact results for
the Differential scheme. Previously, the special case of spherical pores have been examined
in detail by Zimmerman [1994]. For a dry spheroid, useful discussions have been given
in Berryman et al. [2002] for the Differential scheme, and Dunn and Ledbetter [1995] for
the Mori-Tanaka scheme. Fixed-points and possible bounds for the effective Poisson’s ratio
will be discussed in Section 3.1.4 and 3.2.2, respectively, for the dry and fluid-saturated
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porous solids.
3.1 Effective moduli of dry porous solids
3.1.1 General equations for the Mori-Tanaka, Kuster-Tokso¨z, and
Differential schemes
Consider an isotropic matrix having bulk and shear moduli (K0,G0), respectively, contain-
ing dry spheroidal pores having the same aspect ratio, α . If the pores have random orienta-
tions, the overall effective medium will be isotropic. The expressions obtained in Chapter
2 for the normalised pore compressibility, P, and pore shear compliance, Q, can then be
used as input in effective medium schemes to calculate the effective bulk and shear moduli
(K,G).
Mori-Tanaka scheme According to the Mori-Tanaka method, the effective moduli are
explicitly described as functions of the pore compliances (P,Q) by the following equations
[Benveniste, 1987]:
K0
K
= 1+
φ
1−φ P(ν0), (3.1)
G0
G)
= 1+
φ
1−φ Q(ν0). (3.2)
where φ is the porosity, and where (P,Q), which contain the influence of the pore aspect
ratio, α (acting here as a fixed parameter), are explicitly written as functions of the Poisson’s
ratio of the solid, ν0 = (3K0−2G0)/(6K0+2G0)†.
Kuster-Tokso¨z scheme If the equations for the elastic moduli given by Kuster and Tokso¨z
[1974] are rewritten in terms of (P,Q) and ν0, the effective moduli are also explicitly related
to (P,Q) as follows:
K
K0
=
1−φ 2(1−2ν0)
3(1−ν0) P(ν0)
1+φ
1+ν0
3(1−ν0) P(ν0)
, (3.3)
G
G0
=
1−φ 7−5ν0
15(1−ν0) Q(ν0)
1+φ
2(4−5ν)
15(1−ν0) Q(ν0)
. (3.4)
†in Chapter 2, the Poisson’s ratio of the solid was denoted by ν , for the purpose of brevity in the analytical
expressions. The notation ν0 is now used, to avoid confusion with ν , which is the effective Poisson’s ratio.
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Differential scheme According to the Differential scheme, the effective moduli are de-
scribed by a pair of coupled differential equations [LeRavalec and Gue´guen, 1996]:
(1−φ) 1
K
dK
dφ
=−P(ν), (3.5)
(1−φ) 1
G
dG
dφ
=−Q(ν), (3.6)
with the initial conditions
K(φ = 0) = K0, (3.7)
G(φ = 0) = G0, (3.8)
where ν is now the effective Poisson’s ratio, i.e., ν = (3K − 2G)/(6K + 2G). The term
(1− φ) on the left-hand side of equations (3.5) and (3.6) accounts for the fact that each
new pore introduced in the body may replace either the solid phase or the porous phase,
with probabilities φ and (1−φ), respectively [McLaughlin, 1977; Norris, 1985]. Because
P and Q both depend on the “current” Poisson’s ratio, ν , which in turn is a function of
the effective moduli K and G, the two differential equations (3.5) and (3.6) are coupled.
However, they can be converted to a set of uncoupled differential equations by simple ma-
nipulations. First, form a differential equation for the Poisson’s ratio, ν , by differentiating
ν = (3K−2G)/(6K+2G):
dν
dφ
=
18KG
(6K+2G)2
(
1
K
dK
dφ
− 1
G
dG
dφ
)
, (3.9)
and then by combining equation (3.9) with (3.5) and (3.6):
(1−φ)dν
dφ
≡ Fν(ν) = (1+ν)(1−2ν)3 [Q(ν)−P(ν)] . (3.10)
Now, divide one of the two ODEs, (3.5) or (3.6), by (3.10) to obtain another uncoupled
differential equation in the “phase” space, (K,ν), or (G,ν). If deciding to work in the
(K,ν) space, it is obtained, by dividing equations (3.5) and (3.10):
1
K
dK
dν
≡ FK(ν) = 3(1+ν)(1−2ν)
[
P(ν)
P(ν)−Q(ν)
]
. (3.11)
Hence, using the initial condition ν(φ = 0) = ν0, the general solutions of the system of
ODEs can be written as follows:
− ln(1−φ) =
∫ ν
ν0
1
Fν(ν)
dν , (3.12)
ln
(
K
K0
)
=
∫ ν
ν0
FK(ν)dν . (3.13)
In the general case of a spheroid of arbitrary aspect ratio, P and Q are cumbersome func-
tions of α and ν (cf. Chapter 2, Section 2.1.1). In the next section, new approximate expres-
sions for the Differential scheme that are valid for aspect ratios that lie between the limiting
cases are derived. For crack-like, needle-like and nearly-spherical pores, the asymptotic
expressions for P and Q presented in Chapter 2 (Section 2.1.2) are used as input in the set
of equations (3.10) and (3.11).
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3.1.2 Asymptotic expressions for the Differential scheme
3.1.2.1 Crack-like pores
The volume occupied by cracks is small, but their compliances are quite large, since they
are, to first order, inversely proportional to the aspect ratio (see equations (2.33) and (2.34)).
Hence, the relevant microstructural parameter that influences the effective elastic properties
of cracked solids is not the porosity, but rather a parameter proportional to the volume of
the distorted strain field around a crack [Henyey and Pomphrey, 1982]. It is recalled that
the crack density Γ is defined as follows [Walsh, 1965]:
Γ=
N < a3 >
V
, (3.14)
where N is the number of circular cracks (of radius a, cf. Figure 2.1) in a representative
elementary volume V , and the angle brackets symbolise an average. The crack density is
then related to the total porosity φ by
φ =
4
3
pi α Γ. (3.15)
Thin cracks For infinitely thin cracks, substituing the expressions (2.33)-(2.34) for P and
Q in the set of differential equations (3.10)-(3.11), and changing variables to work with the
crack density Γ instead of the porosity (equation (3.15)), in the limit α → 0, a simple set of
equations is obtained:
dν
dΓ
=
−16ν(1−ν2)(3−ν)
15(2−ν) , (3.16)
1
K
dK
dν
=
5(2−ν)
3ν(1−2ν)(3−ν) , (3.17)
which, using partial fractions, immediately leads to an implicit solution as found by Zim-
merman [1985b]:
128Γ
5
= ln
(
3−ν
3−ν0
)
+6 ln
(
1−ν
1−ν0
)
+9 ln
(
1+ν
1+ν0
)
−16ln
(
ν
ν0
)
, (3.18)
K
K0
=
(
ν
ν0
) 10
9
(
3−ν
3−ν0
)−1
9
(
1−2ν
1−2ν0
)−1
. (3.19)
Considerably simpler solutions can be found retaining only the leading terms, i.e., the
terms in equations (3.18) and (3.19) that are unbounded throughout the physically mean-
ingful range 0 < ν < 0.5 [Zimmerman, 1991a]:
Γ=
5
8
ln
(
ν
ν0
)
, (3.20)
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K
K0
=
(
ν
ν0
) 10
9
(
1−2ν
1−2ν0
)−1
, (3.21)
thus recovering the approximate solutions previously found by Bruner [1976]. Having such
simple solutions has the advantage of giving (ν ,K) as explicit functions of Γ:
ν
ν0
= e−8Γ/5, (3.22)
K
K0
=
(1−2ν0)e−16Γ/9
1−2ν0 e−8Γ/5
. (3.23)
The accuracy of the expressions (3.22)-(3.23) depends slightly on the value of the initial
Poisson’s ratio, ν0; however, the error remains less than 2%, even at very high crack densi-
ties.
Crack-like oblate spheroids The expressions obtained above (equations (3.22) and
(3.23)) are well established in the literature [Bruner, 1976; Zimmerman, 1985b; Benveniste,
1987; Zimmerman, 1991a]. They do not contain the aspect ratio, as α disappears in the
product of the pore compliances and the porosity. However, the solutions are only valid
when the cracks have very small aspect ratios: the assumption that P and Q are assumed to
be inversely proportional to α is, strictly speaking, only valid when α does not exceed 0.01.
In Chapter 2, simple expressions for the pore compliances were found that are accurate for
values of α as high as 0.3, taking only two more terms in the series expansions for both
P and Q (see equations (2.37) to (2.44)). Using these asymptotic expressions for P and Q
as input in the Differential scheme, approximate solutions for the Differential scheme can
be found. This derivation involves various assumptions and calculation steps, which are
detailed here and will be applied subsequently for the cases of needle-like (Section 3.1.2.2)
and nearly-spherical pores (Section 3.1.2.3). First of all, if the asymptotic expressions for P
and Q (equations (2.37) and (2.38)) are inserted in the two uncoupled differential equations
for φ(ν) and K(ν), (3.10) and (3.11), the pair of differential equations becomes:(
1− 4
3
piαΓ
)−1 dΓ
dν
=
[
9
4pi(1+ν)(1−2ν)
]
(3.24)
×
[
1
(Q−1−P−1)+(Q0−P0)α+(Q1−P1)α2
]
, (3.25)
1
K
dK
dν
=
[
3
(1+ν)(1−2ν)
]
×
[
P−1+P0α+P1α2
(P−1−Q−1)+(P0−Q0)α+(P1−Q1)α2
]
. (3.26)
Note that in the case of crack-like pores, the variable φ was changed to Γ in the first equa-
tion (3.10), using (3.15). Because of the relative complexity of the sum of terms in the
denominator, an analytical integration of equations (3.25) and (3.26) is, unfortunately, still
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Figure 3.1 Effective Poisson’s ratio of a solid containing dry spheroidal pores, for three values of the
spheroid aspect ratio (α = 0.01; α = 0.1; α = 0.3), according to the asymptotic solution (equation
(3.29)) (dashed line), and the exact solution (full line), which is obtained by numerical integration of
equation (3.12), using the exact solutions for P and Q as given by equations (2.29) and (2.30). The
Poisson’s ratio of the solid is ν0 = 0.25.
not possible. A further simpliﬁcation can be made by noting that since α is small, the de-
nominators can be expanded in Taylor series. Retaining only the terms up to α2 leads to
equations of the form(
1− 4
3
παΓ
)−1 dΓ
dν
=
[
9
4π(1+ν)(1−2ν)
]
×
[
1
Q−1−P−1
]{
1−
(
Q0−P0
Q−1−P−1
)
α
+
[
− Q1−P1
Q−1−P−1 +
(Q0−P0)2
(Q−1−P−1)2
]
α2
}
, (3.27)
1
K
dK
dν
=
[
3
(1+ν)(1−2ν)
][
P−1
P−1−Q−1
]
×
{
1+
[
− P0−Q0
P−1−Q−1 +
P0
P−1
]
α +
[
P1
P−1
− P0(P0−Q0)
P−1(P−1−Q−1) −
P1−Q1
P−1−Q−1 +
(P0−Q0)2
(P−1−Q−1)2
]
α2
}
. (3.28)
Equations (3.27) and (3.28) can be integrated using partial fractions. The solution is a
cumbersome sum of terms involving logarithms and rational functions of Poisson’s ratio.
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However, as previously done for thin cracks (equations (3.20) and (3.21)), the solutions can
be considerably simplified, without losing much accuracy, by retaining only the unbounded
terms. This yields final expressions of the form( −3
4piα
)
ln
(
1− 4
3
piαΓ
)
=−5
8
ln
(
ν
ν0
)
+α
[
c1 ln
(
ν
ν0
)
+ c2
(
1
ν
− 1
ν0
)]
+α2
[
c3 ln
(
ν
ν0
)
+ c4
(
1
ν
− 1
ν0
)
+ c5
(
1
ν2
− 1
ν20
)]
, (3.29)
ln
(
K
K0
)
=
[10
9
ln
(
ν
ν0
)
− ln
(
1−2ν
1−2ν0
)]
+α
[
C1 ln
(
ν
ν0
)
+C2
(
1
ν
− 1
ν0
)]
+α2
[
C3 ln
(
ν
ν0
)
+C4
(
1
ν
− 1
ν0
)
+C5
(
1
ν2
− 1
ν20
)]
, (3.30)
where
c1 =
25
864
(
48
pi
+pi
)
≈ 0.533, (3.31)
c2 =
5
288
(
48
pi
+5pi
)
≈ 0.538, (3.32)
c3 =
5
81
(
82
pi2
− 163
16
+
1753
1536
pi2
)
≈ 0.579, (3.33)
c4 =
5
27
(
8
pi2
− 61
6
+
137
768
pi2
)
≈−1.407, (3.34)
c5 =
5
9
(
1
pi
+
5pi
48
)2
≈ 0.232, (3.35)
and
C1 =
5
972
(
96
pi
+77pi
)
≈ 1.402, (3.36)
C2 =− 5162
(
48
pi
+5pi
)
≈−0.956, (3.37)
C3 =
5
243
(
863
288
pi2−64+ 320
3pi2
)
≈−0.486, (3.38)
C4 =
5
243
(
−47pi
2
8
+
341
3
− 320
pi2
)
≈ 0.479, (3.39)
C5 =− 511664
(
48
pi
+5pi
)2
≈−0.412. (3.40)
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Figure 3.2 Normalised effective bulk modulus of a solid containing dry spheroidal pores, for three
values of the spheroid aspect ratio (α = 0.01; α = 0.1; α = 0.3), according to the asymptotic solution
(combining equations (3.29) and (3.30)), and the exact solution, which is obtained by numerical
integration of equations (3.12) and (3.13), using the exact solutions for P and Q as given by equations
(2.29) and (2.30). The Poisson’s ratio of the solid is ν0 = 0.25.
Taking the limit α → 0 in both sides of equations (3.29) and (3.30), Bruner’s solution
[Bruner, 1976] for thin cracks (3.20)-(3.21) is recovered, as expected.
For different values of α , and assuming that the matrix Poisson’s ratio ν0 is equal to 0.25,
the predictions of the asymptotic expressions (3.29) and (3.30) for the effective Poisson’s
ratio and normalised bulk modulus are compared to the exact solutions for the Differential
scheme in Figures 3.1 and 3.2, respectively. Exact solutions for the Differential scheme,
as in the rest of this chapter, were obtained numerically by a fourth-order Runge-Kutta
integration method. Bruner’s solution for inﬁnitely thin cracks is also shown, which is
recovered by taking α = 0 in equations (3.29) and (3.30). For inﬁnitely thin cracks, the
difference between Bruner’s solution, and the exact solution (equations (3.18) and (3.19)),
would not be visible on the ﬁgures.
The approximate expressions (3.29) and (3.30) are, as expected, more accurate for
smaller values of the pore aspect ratio, α , and smaller values of the crack density, Γ. For
a matrix having a Poisson’s ratio ν0 = 0.25, for α = 0.01 the error on both K and ν is
negligible. Furthermore, it is interesting to note that, even for an aspect ratio as low as
0.01, assuming that the cracks are inﬁnitely thin would introduce a small but signiﬁcant
error into the estimates of the elastic moduli, particularly for ν (Figure 3.1). For α = 0.1,
the error in the predictions of both moduli is still less than 3% for Γ = 0.70 (∼ φ = 30%).
For α = 0.3, the error on K and ν remains less than 3% only up to Γ= 0.12 (∼ φ = 15%)
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Figure 3.3 Effective Poisson’s ratio of a solid containing dry spheroidal pores, for ﬁve different
values of the solid’s Poisson’s ratio (ν0 = 0.1; ν0 = 0.2; ν0 = 0.3; ν0 = 0.4; ν0 = 0.5), according
to the asymptotic solution (3.29) (dashed line), and the exact solution (full line), for the Differential
scheme. The pores have an aspect ratio α = 0.3.
and Γ= 0.24 (∼ φ = 30%), respectively.
The accuracy of the asymptotic solutions also depends strongly on ν0, the solid’s Pois-
son’s ratio, as shown in Figure 3.3, where the behaviour of ν for different initial values of
ν0, and for α = 0.3, is shown. At high crack densities, the exact solutions drive the Pois-
son’s ratio to a critical value νc, which is independent of ν0, and which, for α = 0.3, is
approximately given by νc = 0.16. On the other hand, the inﬁnitely-thin-crack limit predicts
that ν goes to zero as the crack density increases (Figure 3.3).
3.1.2.2 Needle-like pores
Inﬁnitely long needles At the other end of the aspect ratio spectrum, for inﬁnitely long
needles (α →∞), P and Q take ﬁnite values which are given by equations (2.35) and (2.36),
respectively. In this case, the two uncoupled differential equations (3.10) and (3.11) then
become:
(1−φ) dν
dφ
=
1
15
(16ν2−28ν +5)(1+ν), (3.41)
1
K
dK
dν
=− 5(5−4ν)
(16ν2−28ν +5)(1−2ν)(1+ν) , (3.42)
49
3 Effective elastic moduli of solids containing spheroidal pores
asymptotic app.
exact solutions 
PROLATE SPHEROIDS, = 3
EF
FE
CT
IV
E 
PO
IS
SO
N
’S
 R
AT
IO
, ν
 
 ν0 = 0.05
POROSITY, φ
 ν0 = 0.25
 ν0 = 0.45
Figure 3.4 Effective Poisson’s ratio of a solid containing dry needle-like pores (α = 3), for three
differents values of the solid’s Poisson’s ratio (ν0 = 0.05; ν0 = 0.25; ν0 = 0.45), according to the
asymptotic solution (equation (3.52)) (dashed line), and the exact solution (full line).
from which an implicit solution can be found, again using partial fractions:
98
15
ln(1−φ) =−2ln
(
1+ν
1+ν0
)
+
(
1− 15√
29
)
ln
(
7+
√
29−8ν
7+
√
29−8ν0
)
+
(
1+
15√
29
)
ln
(
7−√29−8ν
7−√29−8ν0
)
, (3.43)
ln
(
K
K0
)
=− ln
(
1−2ν
1−2ν0
)
− 15
49
ln
(
1+ν
1+ν0
)
+
2
49
(
16+
93√
29
)
ln
(
7−√29−8ν
7−√29−8ν0
)
+
2
49
(
16− 93√
29
)
ln
(
7+
√
29−8ν
7+
√
29−8ν0
)
. (3.44)
Although these solutions are exact, they are still cumbersome. As previously done for
the case of thin cracks (Section 3.1.2.1), the solutions can be considerably simpliﬁed by
retaining only those terms on the right-hand side that remain unbounded as φ → 1, incurring
an error that will be less than 1%, almost regardless of the value of ν0. This yields an
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approximate solution of the form
(1−φ) =
(
λ −ν
λ −ν0
)n1
, (3.45)
K
K0
=
(
1−2ν
1−2ν0
)−1( λ −ν
λ −ν0
)N1
, (3.46)
where
λ =
7−√29
8
≈ 0.202, (3.47)
n1 =
15
98
(
1+
15√
29
)
≈ 0.579, (3.48)
N1 =
2
49
(
16+
93√
29
)
≈ 1.358, (3.49)
which therefore gives the effective constants as explicit functions of the porosity:
ν = λ − (λ −ν0)(1−φ)1/n1 , (3.50)
K
K0
=
1−2
[
λ − (λ −ν0)(1−φ)1/n1
]
1−2ν0

−1
× (1−φ)N1/n1 . (3.51)
Needle-like prolate spheroids Asymptotic expressions for the compliances of needle-
like pores having finite aspect ratios were presented in Chapter 2, that are accurate for values
of α as low as 2 for the shear compressibility P, and as low as 3 for the shear compliance
Q, with less than 0.5% error (see equations (2.49) and (2.50)). If these approximate expres-
sions for P and Q are used as input in the set of differential equations (3.10) and (3.11),
an analytical integration is still not possible. However, noting that in this case the term
1/α2 is a small parameter, the same procedure as for crack-like pores (Section 3.1.2.1) can
be followed, again retaining only the leading terms. Extensive calculations yield implicit
solutions for the effective moduli in the form:
ln(1−φ) = n1 ln
(
λ −ν
λ −ν0
)
+
1
α2
{
[n2+n3 ln(2α)]
× ln
(
λ −ν
λ −ν0
)
+[n4+n5 ln(2α)]
(
1
λ −ν −
1
λ −ν0
)}
, (3.52)
ln
(
K
K0
)
=− ln
(
1−2ν
1−2ν0
)
+N1 ln
(
λ −ν
λ −ν0
)
+
1
α2
{
[N2+N3 ln(2α)] ln
(
λ −ν
λ −ν0
)
+[N4+N5 ln(2α)]
(
1
λ −ν −
1
λ −ν0
)}
. (3.53)
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Figure 3.5 Normalised effective bulk modulus of a solid containing dry needle-like pores (α = 3),
for three differents values of the solid’s Poisson’s ratio (ν0 = 0.05; ν0 = 0.25; ν0 = 0.45), according
to the asymptotic solution (combining equations (3.52) and (3.53)) (dashed line), and the exact
solution (full line).
where
n2 =−144159604
(
1− 72161
27869
√
29
)
≈−0.779, (3.54)
n3 =
510
343
(
1− 103
58
√
29
)
≈ 0.997, (3.55)
n4 =
135
2842
(
1+
2
9
√
29
)
≈ 0.104, (3.56)
n5 =− 15812
(
1+
√
29
2
)
≈−0.068, (3.57)
N2 =− 9702401
(
1+
11276
2813
√
29
)
≈−0.705, (3.58)
N3 =
230
343
(
1+
5387
1334
√
29
)
≈ 1.173, (3.59)
N4 =
345
2842
(
1+
13
69
√
29
)
≈ 0.245, (3.60)
N5 =− 251624
(
5+
√
29
)
≈−0.160. (3.61)
In the asymptotic expressions (3.52) and (3.53), taking the limit as α → ∞ recovers the
expressions found previously for inﬁnitely long needles (equations (3.45) and (3.46)). These
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Figure 3.6 Effective Poisson’s ratio of a solid containing dry nearly spherical pores (α = 0.7), for
three different values of the solid’s Poisson’s ratio (ν0 = 0.05; ν0 = 0.25; ν0 = 0.45), according to
the asymptotic solution (equation (3.66)) (dashed line), and the exact solution (full line).
approximate asymptotic solutions are accurate for prolate spheroids having aspect ratios as
low as 3, as seen in Figures 3.4 and 3.5.
3.1.2.3 Nearly spherical pores
Spheres For perfectly spherical pores (α = 1), the expressions for P and Q are respec-
tively given by equations (2.31) and (2.32). The set of differential equations (3.10) and
(3.11) becomes, in this case,
(1−φ) dν
dφ
=
3
2
(
1−ν2)(1−5ν)
7−5ν , (3.62)
1
K
dK
dν
=
−(7−5ν)
(1−5ν)(1−2ν)(1+ν) , (3.63)
which, using partial fractions, is easily integrated to yield
(1−φ) =
(
1−ν
1−ν0
)− 16 ( 1−5ν
1−5ν0
) 5
6
(
1+ν
1+ν0
)− 23
, (3.64)
K
K0
=
(
1−5ν
1−5ν0
) 5
3
(
1−2ν
1−2ν0
)−1( 1+ν
1+ν0
)− 23
, (3.65)
recovering the solutions found by Zimmerman [1985b]. Contrary to the previous cases of
cracks and needles, the solutions for spherical pores (3.64)-(3.65) cannot be well approx-
imated by retaining only the leading terms (i.e., the terms involving 1− 5ν). Indeed, this
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Figure 3.7 Normalised effective bulk modulus of a solid containing dry nearly spherical pores
(α = 0.7), for three differents values of the solid’s Poisson’s ratio (ν0 = 0.05; ν0 = 0.25; ν0 = 0.45),
according to the asymptotic solution (combining equations (3.66) and (3.67)) (dashed line), and the
exact solution (full line).
would introduce an error of more than 3%. Note, however, that Zimmerman [1991b] has
shown that if the system of differential equations are decoupled and integrated in terms of
the variables (K,G) instead of (K,ν), the resulting expressions are simpler, eliminating the
need to discard lower-order terms. This approach will not be pursued further in the present
work, however.
Slightly deformed spheres A perfectly spherical pore possesses the minimum possible
values of the pore compliances (see Chapter 2). For nearly spherical pores, asymptotic
expressions for P and Q were derived in Chapter 2 that are valid for 0.7 < α < 1.3 with less
than 0.5% error, by considering terms that are quadratic and cubic in (1−α) (equations
(2.53) and (2.54)). (1−α) is now taken to be the small parameter, and only the quadratic
and cubic terms are retained. Extensive calculations lead to the following approximate
expressions:
ln(1−φ) =
[
− 1
6
ln
(
1−ν
1−ν0
)
+
5
6
ln
(
1−5ν
1−5ν0
)
− 2
3
ln
(
1+ν
1+ν0
)]
+
8
105
(α−1)2
×
{(
1
1−5ν −
1
1−5ν0
)[
2619
1225
(α−1)−1
]
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+
41
15
ln
(
1−5ν
1−5ν0
)[
12741
10045
(α−1)−1
]}
, (3.66)
ln
(
K
K0
)
=
[
5
3
ln
(
1−5ν
1−5ν0
)
− ln
(
1−2ν
1−2ν0
)
− 2
3
ln
(
1+ν
1+ν0
)]
+
16
105
(α−1)2
×
{(
1
1−5ν −
1
1−5ν0
)[
2619
1225
(α−1)−1
]
+
7
5
ln
(
1−5ν
1−5ν0
)[
1847
1715
(α−1)−1
]}
. (3.67)
The exact solutions (3.64) and (3.65) for spherical pores are easily recovered by taking
α = 1 in expressions (3.66) and (3.67).
The expressions (3.66) and (3.67) are very accurate in the range 0.7 < α < 1.3. For
example, for α = 0.7 and φ = 40%, the error in both ν and K as a function of the porosity
is less than 0.5%, and nearly independent of ν0 (Figures 3.6 and 3.7).
3.1.3 Comparison with the estimates of the Mori-Tanaka and Kuster-Tokso¨z
schemes
The effective moduli, according to the Mori-Tanaka and Kuster-Tokso¨z schemes, are
explicitly related to (P,Q) by closed-form expressions (respectively, (3.1)-(3.2), and (3.3)-
(3.4)). For the limiting pore geometries, discussions and comparisons of the predictions of
the Differential, Mori-Tanaka and Kuster-Tokso¨z theories are numerous in the literature,
e.g., Zimmerman [1985b, 1991a] for thin cracks, and Zimmerman [1991a,b, 1994] for
spherical pores, whereas Berryman and Berge [1996] compare the predictions of the
Mori-Tanaka and Kuster-Tokso¨z theories for needles. Hence, here only cases such as
crack-like and needle-like pores having finite aspect ratios, and nearly spherical pores, are
considered.
In Figures 3.8 to 3.13, the predictions of the three effective medium theories for the
effective Poisson’s ratio and normalised bulk modulus are compared for the case ν0 = 0.25,
taking the three values of α that were considered in Section 3.1.2: for crack-like pores,
α = 0.3 (Figures 3.8 and 3.9), for needle-like pores, α = 3 (Figures 3.10 and 3.11)
and for nearly spherical pores, α = 0.7 (Figures 3.12 and 3.13). For the Mori-Tanaka
and Kuster-Tokso¨z theories, the results are obtained by simply inserting the exact or the
asymptotic expressions for P and Q into equations (3.1)-(3.2) and (3.3)-(3.4), from which
calculations of the effective Poisson’s ratio are straightforward.
For each three theories, using the simple asymptotic expressions for P and Q rather than
the exact expressions introduces errors that are much smaller than are the differences be-
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Figure 3.8 Effective Poisson’s ratio of a dry solid containing crack-like pores of aspect ratio α =
0.3, according to the Differential, Mori-Tanaka and Kuster-Tokso¨z schemes. For each of the three
effective medium theories, the solid line represents the exact solution, and the dashed line represents
the asymptotic expression. The Poisson’s ratio of the solid is ν0 = 0.25.
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Figure 3.9 Normalised effective bulk modulus of a dry solid containing crack-like pores of aspect
ratio α = 0.3, according to the Differential, Mori-Tanaka and Kuster-Tokso¨z schemes. For each of
the three effective medium theories, the solid line represents the exact solution, and the dashed line
represents the asymptotic expression. The Poisson’s ratio of the solid is ν0 = 0.25.
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Figure 3.10 Effective Poisson’s ratio of a dry solid containing needle-like pores of aspect ratio
α = 3, according to the Differential, Mori-Tanaka and Kuster-Tokso¨z schemes. For each of the three
effective medium theories, the solid line represents the exact solution, and the dashed line represents
the asymptotic expression. The Poisson’s ratio of the solid is ν0 = 0.25.
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PROLATE SPHEROIDS, α = 3
POROSITY, φ
Figure 3.11 Normalised effective bulk modulus of a dry solid containing needle-like pores of aspect
ratio α = 3, according to the Differential, Mori-Tanaka and Kuster-Tokso¨z schemes. For each of the
three effective medium theories, the solid line represents the exact solution, and the dashed line
represents the asymptotic expression. The Poisson’s ratio of the solid is ν0 = 0.25.
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Figure 3.12 Effective Poisson’s ratio of a dry solid containing nearly spherical pores of aspect ratio
α = 0.7, according to the Differential, Mori-Tanaka and Kuster-Tokso¨z schemes. For each of the
three effective medium theories, the solid line represents the exact solution, and the dashed line
represents the asymptotic expression. The Poisson’s ratio of the solid is ν0 = 0.25.
tween the predictions of the different theories. Discussion of these errors have already been
given for the Differential scheme in Section 3.1.2. For α = 0.3, the errors for the Mori-
Tanaka and Kuster-Tokso¨z estimates of both ν and K are, respectively, 1% and 2% when
Γ = 0.31 (φ ∼ 30%). For α = 3 (Figures 3.10 and 3.11), the errors are respectively less
than 0.5% and 1% when φ = 40%. For α = 0.7 (Figures 3.12 and 3.13), the errors are ap-
proximately 1% and 1.5%. The accuracy obtained when using the asymptotic expressions
remains, overall, weakly dependent on ν0.
3.1.4 Behaviour of Poisson’s ratio in the high-concentration limit
The new asymptotic expressions derived for the Differential scheme in Section 3.1.2,
although they hold for a large range of aspect ratios and porosities, cannot be used to
predict the behaviour of the effective Poisson’s ratio when the concentration of pores
becomes very high. In Figure 3.14, the exact solutions for the Differential scheme were
used (obtained by numerical integration of equation (3.10)) to show how Poisson’s ratio
behaves in the high-concentratio limit, for different values of α , the spheroid aspect ratio,
and ν0, the solid’s Poisson’s ratio. The addition of pores drives Poisson’s ratio towards
a point of attraction νc which, for the Differential scheme, depends on α but not on ν0
(Figure 3.14). Such behaviour has been noted before by Zimmerman [1994] for spherical
pores, and by Berryman et al. [2002] for oblate spheroids and needles.
The value νc is a ﬁxed-point for the Poisson’s ratio, which by deﬁnition satisﬁes dν/dφ =
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NEARLY SPHERICAL PORES, α = 0.7
Figure 3.13 Normalised effective bulk modulus of a dry solid containing nearly spherical pores of
aspect ratio α = 0.7, according to the Differential, Mori-Tanaka and Kuster and Tokso¨z schemes.
For each of the three effective medium theories, the solid line represents the exact solution, and the
dashed line represents the asymptotic expression. The Poisson’s ratio of the solid is ν0 = 0.25.
0, i.e Fν(νc) = 0 in equation (3.10). The right-hand side of equation (3.10) shoes that νc is
a ﬁxed-point if, for a given α , either P(νc) = Q(νc), νc = −1, or νc = 0.5. Although it is
difﬁcult to prove by analytical methods, numerical simulations show that for any ﬁxed value
of α , the pore compressibility P and the shear compliance Q are respectively increasing and
decreasing functions of ν . Furthermore, when ν = 0, P is always lower than Q. Hence, a
point of intersection between P and Q always exists somewhere between ν = 0 and ν = 0.5,
and is unique. Moreover, this point corresponds to an attractor: when 0 < ν < νc, P < Q
and hence Fν > 0; whereas when νc < ν < 0.5, P > Q and hence Fν < 0. Following the
same argument, the other possible ﬁxed-point that lies within the physically meaningful
range, νc = 0.5, is an unstable point. This is proven by noting that, because νc never ex-
ceeds a value approximately equal to 0.2 (see Figure 3.15), and Fν < 0 when ν > νc, small
deviations from the value 0.5 cause the effective Poisson’s ratio to decrease. As a result, the
attraction point for the Poisson’s ratio, νc, is unique and is implicitly deﬁned, for a given
value of α , by:
P(νc) = Q(νc). (3.68)
For the limiting geometries (ﬂat cracks, spheres, needles), the ﬁxed-point can found
directly by solving the equation P = Q. For thin cracks, it is found νc = 0; for spheres,
νc = 0.2; and for inﬁnitely long needles, νc = λ = (7−
√
29)/8 ≈ 0.202, thus recovering
the results of Zimmerman [1991b] for spheres, and Berryman et al. [2002] for thin cracks
and needles.
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Figure 3.14 Effective Poisson’s ratio as a function of the porosity, for various values of the pore
aspect ratio (α = 0.01; α = 0.1; α = 0.3; α = 1) and the solid’s Poisson’s ratio (ν0 = 0.05; ν0 =
0.25; ν0 = 0.45), according to the Differential scheme. For α = 0.01, α = 0.1, α = 0.3, the solutions
were found by numerical integration of equation (3.10); for spherical pores, from equation (3.64).
The ﬁxed-point νc varies rapidly with α when the pores are crack-like (Figure 3.15). On
the other hand, for prolate spheroids the ﬁxed-point is almost insensitive to α , and is close
to the value obtained for spheres (νc = 0.2). Indeed, the maximum of νc, found for inﬁnitely
long needles, is νc ≈ 0.202. Note that apart from the limiting cases, the values of νc must
be found numerically. However, the following approximation is quite accurate for the entire
range of aspect ratios (Figure 3.15):
νc = 0.2
(
1− e−5α) . (3.69)
Because Poisson’s ratio is bounded between the ﬁxed point, νc, and the solid’s Poisson’s
ratio, ν0, considerable information on the microstructure can be simply inferred from
measurements of Poisson’s ratio in a porous rock. Consider the example of a porous rock,
whose solid’s Poisson’s ratio is equal to 0.25, compressed to a pressure sufﬁciently high
that it can be assumed that all the compliant cracks are closed. Assume for simplicity that
all the pores have more or less the same aspect ratio. If the Poisson’s ratio of the solid
material is 0.25, and the effective Poisson’s ratio of the porous rock is 0.15, it can be
inferred from equation (3.69) that the mean aspect ratio of the non-closable porosity must
not exceed the value −0.2× ln(1−5×0.15) ≈ 0.3. In other words, pore aspect ratios
higher that 0.3 cannot explain a value of ν as low as 0.15.
The Kuster-Tokso¨z scheme fails to predict realistic behaviour of Poisson’s ratio at high
porosities, since for any value of α , the predicted values of ν become negative at porosities
lower than 100%; see, for instance, Figures 3.8, 3.10 and 3.12. Hence, discussion of the
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Figure 3.15 Fixed-point for the Poisson’s ratio, νc, solution of equation (3.68), as a function of the
pore aspect ratio, α (full-line); the approximation (3.69) is also shown (dashed line).
behaviour of ν for high porosities is not so meaningful for this theory. On the other hand,
such a study is of interest with regards to the Mori-Tanaka model. In fact, an extensive study
of the ﬁxed-points for the Mori-Tanaka scheme has been carried out by Dunn and Ledbetter
[1995], for the entire range of aspect ratios. To ﬁnd the ﬁxed-point, Dunn and Ledbetter
[1995] started from the equation giving ν as a function of ν0 and φ , for a given α , which
can easily be found combining equations (3.1) and (3.2):
ν =
3ν0 (1−φ)+φ [(1+ν0)Q(ν0)− (1−2ν0)P(ν0)]
3(1−φ)+φ [2(1+ν0)Q(ν0)+(1−2ν0)P(ν0)] . (3.70)
They set ν = ν0 and solved for ν0 to obtain the ﬁxed-point, which they deﬁned as that
particular value of the solid-phase Poisson’s ratio that would not be changed by the addition
of pores. However, they did not seem to have gone as far as noticing that the ﬁxed-point
they found for the Mori-Tanaka scheme also satisﬁes the condition P(ν0) = Q(ν0). Indeed,
if this condition is inserted in equation (3.70), it is found
ν =
3ν0 (1−φ)+3ν0φP(ν0)
3(1−φ)+3φP(ν0) = ν0, (3.71)
which shows that, according to the differential and Mori-Tanaka schemes, all considera-
tions on the ﬁxed-point of Poisson’s ratio are totally equivalent. However, whereas the
Differential scheme predicts that the effective Poisson’s ratio approaches the ﬁxed point as
the porosity approaches 1, according to the Mori-Tanaka scheme the effective Poisson ratio
tends towards νc, but does not quite reach this value when φ = 1. This fact is discussed for
the special case of spheres by Zimmerman [1991b].
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Figure 3.16 Effective bulk modulus of a ﬂuid-saturated solid containing crack-like pores of as-
pect ratio α = 0.01, according to the Differential scheme, for various ratios of the solid and ﬂuid
compressibilities. The Poisson’s ratio of the solid is ν0 = 0.25.
3.2 Effective moduli of ﬂuid-saturated porous solids
3.2.1 General equations for the Mori-Tanaka, Kuster-Tokso¨z and Differential
schemes
Mori-Tanaka scheme According to theMori-Tanaka scheme, the effective bulk and shear
moduli (K¯, G¯) of a solid containing one family of randomly oriented pores saturated with
ﬂuid are explicitly related to the undrained pore compliance coefﬁcients (Pu,Qu) as follows
[Benveniste, 1987]:
K0
K¯
= 1+
(
φ
1−φ
)⎡⎢⎢⎣ Pu (1−ξ )
1+
(
φ
1−φ
)
Puξ
⎤⎥⎥⎦ , (3.72)
G0
G¯
= 1+
(
φ
1−φ
)
Qu, (3.73)
where Pu and Qu (whose arguments have not been explicitly written here) are functions of
α , the spheroid’s aspect ratio, ν0, the solid’s Poisson’s ratio, and ξ , the ratio of solid and
ﬂuid compressibilities (cf. Chapter 2).
Kuster-Tokso¨z scheme If the expressions given by Kuster and Tokso¨z [1974] are rewrit-
ten in terms of (Pu,Qu) and ν0, the effective moduli are also explicitly given by
K¯
K0
=
1−φ 2(1−2ν0)
3(1−ν0) Pu (1−ξ )
1+φ
1+ν0
3(1−ν0) Pu (1−ξ )
, (3.74)
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Figure 3.17 Effective shear modulus of a ﬂuid-saturated solid containing crack-like pores of as-
pect ratio α = 0.01, according to the Differential scheme, for various ratios of the solid and ﬂuid
compressibilities. The Poisson’s ratio of the solid is ν0 = 0.25.
G¯
G0
=
1−φ 7−5ν0
15(1−ν0) Qu
1+φ
2(4−5ν)
15(1−ν0) Qu
. (3.75)
Differential scheme According to the Differential scheme, for ﬂuid-saturated pores,
equations (3.5)-(3.6) become [LeRavalec and Gue´guen, 1996]
(1−φ) 1
K¯
dK¯
dφ
= −Pu (1−ξ ) , (3.76)
(1−φ) 1
G¯
dG¯
dφ
= −Qu, (3.77)
with the initial conditions K¯(φ = 0) = K0 and G¯(φ = 0) = G0, and where ξ is now the
ratio of the ﬂuid bulk modulus to the current bulk modulus, i.e., ξ = Kf/K. Because ξ
also appears in the expressions for Pu and Qu, the set of differential equations cannot be
decoupled as in Section 3.1.1 for dry pores, even for the limiting geometries. In the next
section, the set of ODEs (3.76)-(3.77) is solved numerically in various cases.
3.2.2 Effect of the pore ﬂuid compressibility on the effective moduli
For ﬂuid-saturated solids, the behaviour of effective elastic moduli is now dependent on
one additional parameter, the ﬂuid bulk modulus, Kf. Hence, for the sake of brevity, the pre-
dictions of the Mori-Tanaka and Kuster-Tokso¨z schemes are not considered in the present
section, as the main comparison features between these two effective medium theories can
actually be inferred from the results obtained in Section 3.1.3 for dry solids. Furthermore,
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Figure 3.18 Effective Poisson’s ratio of a ﬂuid-saturated solid containing crack-like pores of as-
pect ratio α = 0.01, according to the Differential scheme, for various ratios of the solid and ﬂuid
compressibilities. The Poisson’s ratio of the solid is ν0 = 0.25.
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Figure 3.19 Effective bulk modulus of a ﬂuid-saturated solid containing crack-like pores of as-
pect ratio α = 0.1, according to the Differential scheme, for various ratios of the solid and ﬂuid
compressibilities. The Poisson’s ratio of the solid is ν0 = 0.25.
simulations for these schemes are straighforward and numerous in the literature. Berryman
and Berge [1996] discuss the predictions of Mori-Tanaka and Kuster-Tokso¨z schemes
in the limiting cases of saturated cracks, spheres and needles. Some predictions for the
Kuster-Tokso¨z scheme for saturated oblate spheroids are found in Kuster and Tokso¨z
[1974]. For saturated thin-cracks, Henyey and Pomphrey [1982] compare the predictions
of Differential and Mori-Tanaka scheme (the latter which, in this case, reduces to the
no-interaction approximation, see Chapter 4).
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Figure 3.20 Effective shear modulus of a ﬂuid-saturated solid containing crack-like pores of as-
pect ratio α = 0.1, according to the Differential scheme, for various ratios of the solid and ﬂuid
compressibilities. The Poisson’s ratio of the solid is ν0 = 0.25.
Thus, in Figures 3.16 to 3.24, predictions of the Differential scheme for the normalised
bulk and shear moduli, and the effective Poisson’s ratio, are shown for various values of the
ﬂuid compressibility, in the case ν0 = 0.25, for “strongly oblate” crack-like pores (α = 0.01,
Figures 3.16, 3.17 and 3.18), for “oblate” crack-like pores (α = 0.1, Figures 3.19, 3.20
and 3.21), and for spherical pores (Figures 3.22, 3.23 and 3.24). Note that a few such
simulations were previously presented by LeRavalec and Gue´guen [1996], but they were
restricted to low to moderate porosities; see also Berryman et al. [2002]. Contrary to the
dry case (Section 3.1.3), predictions for the effective shear modulus are also shown as, for
ﬂuid-saturated solids, they are expected to differ signiﬁcantly from those obtained for the
bulk modulus. Simulations for prolate shapes are not represented here, as the inﬂuence of
the pore aspect ratio on effective elastic properties is mainly signiﬁcant for oblate spheroids.
The effective saturated bulk modulus, K¯, as well as the effective saturated shear modulus,
G¯, take higher values when the compressibility of the pore ﬂuid decreases. The value of K¯ is
very sensitive to changes in the ﬂuid’s bulk modulus, particularly in the range ξ = Kf/K0 =
10−2 to 1, which is the common range found in liquid-saturated sandstones, whereas G¯ is
not very sensitive (see, for instance, Figure 3.16; note that, in the case ξ = 1 (i.e., Kf = K0),
K¯ would simply be equal to K0 regardless of the porosity). An other common trend for
both K¯ and G¯ is that they are more sensitive to the ﬂuid compressibility for “increasingly
ﬂat” crack-like pores (which are highly compliant) than for spherical pores (which are less
compliant ), except that, in the particular case of spherical pores, G¯ becomes unchanged
by the addition of ﬂuid (Figure 3.23), whereas K¯ is not (Figure 3.22). All such results are
consistent with the previous analysis of the undrained pore compliances coefﬁcients (Pu,Qu)
given in Chapter 2.
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Figure 3.21 Effective Poisson’s ratio of a ﬂuid-saturated solid containing crack-like pores of as-
pect ratio α = 0.1, according to the Differential scheme, for various ratios of the solid and ﬂuid
compressibilities. The Poisson’s ratio of the solid is ν0 = 0.25.
It is not surprising with regards to the latter conclusions that the effective Poisson’s ratio
of a ﬂuid-saturated solid is very sensitive to the ﬂuid compressibility, as well as to pore shape
(Figures 3.18, 3.21 and 3.24). For a given porosity, ν increases when the compressibility of
the pore ﬂuid decreases, for all values of the pore aspect ratio, α . In the high-concentration
limit, as K¯→ Kf and G¯→ 0, ν → 0.5 (which is simply the Poisson’s ratio of a ﬂuid) regard-
less of the value taken by α and Kf (as long as Kf = 0). However, for a given pore ﬂuid, a
very important result that arises from the present analysis is that ν is not a monotonic func-
tion of the porosity (see, for instance, Figure 3.21). The effective Poisson ratio ν is to some
extent driven towards the critical point, νc, that would be attained for a high-concentration
of dry pores (see Section 3.1.4), for low to moderate values of the porosity, until it is ﬁnally
attracted to the value 0.5 (which appears as the only critical value for Poisson’s ratio of
ﬂuid-saturated solids, although a rigourous proof cannot be given following the same anal-
ysis as was done previously for dry solids). This inﬂexion occurs later as the ratio Kf/K0 is
smaller, which is to say, later as the pore ﬂuid properties get close to those of “dry” pores,
and occurs at a value of porosity which is also greatly dependent on α (see, for comparison,
Figures 3.18 and 3.21), as well as the initial value of Poisson’s ratio, ν0. Figure 3.25 shows
the predictions for ν for different values of ν0, and for α = 0.1, and Kf/K0 = 0.05.
3.2.3 Consistency of effective medium and Gassmann estimates for undrained
moduli
Gassmann’s equations [Gassmann, 1951] give the saturated undrained elastic moduli in
terms of the porosity of the rock, the compressibilities of the pore ﬂuid and the grains, and
the drained elastic moduli of the rock which, according to Gassmann’s model, are equivalent
to the dry moduli (chemical effects are ignored). The expressions for the undrained bulk
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Figure 3.22 Effective bulk modulus of a ﬂuid-saturated solid containing spherical pores, according
to the Differential scheme, for various ratios of the solid and ﬂuid compressibilities. The Poisson’s
ratio of the solid is ν0 = 0.25.
and shear moduli (Ku,Gu) are, according to previous notations [Brown and Korringa, 1975]
Ku =
φ
(
1
K0
− 1
Kf
)
+
(
1
K0
− 1
K
)
φ
K
(
1
K0
− 1
Kf
)
+
1
K0
(
1
K0
− 1
K
) , (3.78)
Gu = G. (3.79)
Gassmann’s equations have the advantage of predicting saturated velocities without any
assumption on the microstructure, using only the dry moduli (K,G).
For a inﬁnitely small concentration of spheroidal pores, having the same aspect ratio,
and random orientations, the undrained pore compressibility Pu can be independently
calculated using the Eshelby-Wu tensor and an equivalent of Gassmann’s equation for the
pore compressibility, whereas the undrained mean shear compliance Qu is higher than the
dry shear compliance Q expected from the Gassmann model (see Chapter 2). Hence, for
ﬁnite concentrations of ﬂuid-saturated pores, the predictions of effective medium theories
and Gassmann can be expected to be consistent for the effective bulk modulus, but not
for the effective shear modulus. This discussion is not the same for all effective medium
theories, however.
According to the Mori-Tanaka scheme, the dry and saturated effective bulk moduli are
given by equations (3.1) and (3.72), respectively. To examine whether this pair of relations
is consistent with Gassmann’s equation (3.78), the relation (2.81) between the dry pore
compressibility, P, and the undrained pore compressibility, Pu, can be inserted in equation
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Figure 3.23 Effective shear modulus of a ﬂuid-saturated solid containing spherical pores, according
to the Differential scheme, for various ratios of the solid and ﬂuid compressibilities. The Poisson’s
ratio of the solid is ν0 = 0.25.
(3.72):
K0
K¯
= 1+
(
φ
1−φ
){ P(1−ξ )
(1−ξ )+ξP
1+
(
φ
1−φ
)[
Pξ
(1−ξ )+ξP
]}, (3.80)
which, simplifying, gives
K0
K¯
=
(1−φ) [(1−ξ )+ξP]+φP
(1−φ) [(1−ξ )+ξP]+φPξ . (3.81)
In turn, from equation (3.1), P = (K0/K−1)(1−φ)/φ . Substituing into the previous equa-
tion,
K0
K¯
=
(1−φ)
[
(1−ξ )+ξ
(
K0
K
−1
)(
1−φ
φ
)]
+
(
K0
K
−1
)
(1−φ)
(1−φ)
[
(1−ξ )+ξ
(
K0
K
−1
)(
1−φ
φ
)]
+
(
K0
K
−1
)
(1−φ)ξ
. (3.82)
The next steps involve simpliﬁcations and rearangments to obtain a relation between K¯ and
K in a form similar to the Gassmann equation (3.78) for bulk compressibilities:
K0
K¯
=
φ (1−ξ )+(1−φ)
(
K0
K
−1
)
ξ +φ
(
K0
K
−1
)
φ (1−ξ )+(1−φ)
(
K0
K
−1
)
ξ +φ
(
K0
K
−1
)
ξ
=
ξ
K0
K
−ξ −φξ K0
K
+φ
K0
K
φ −φξ +ξ K0
K
−ξ
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Figure 3.24 Effective Poisson’s ratio of a ﬂuid-saturated solid containing spherical pores, according
to the Differential scheme, for various ratios of the solid and ﬂuid compressibilities. The Poisson’s
ratio of the solid is ν0 = 0.25.
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Finally,
K¯ =
φ
(
1
K0
− 1
Kf
)
+
(
1
K0
− 1
K
)
φ
K
(
1
K0
− 1
Kf
)
+
1
K0
(
1
K0
− 1
K
) . (3.84)
Hence, according to the Mori-Tanaka scheme, the effective dry and saturated bulk
moduli (K, K¯) are exactly related by the Gassmann equation. This proof given above is
valid for any value of the pore aspect ratio. In contrast, the comparison of equations (3.2)
and (3.73), giving the dry and saturated shear moduli (G, G¯) as functions of Q and Qu,
respectively, shows that G¯ is, in general, higher than G. Therefore, the set of equations
(3.1)-(3.2) and (3.72)-(3.73) is, in general, not consistent with Gassmann’s equations. The
only exception to this is found for spherical pores, as Qu = Q in that case (cf. Chapter 2).
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Figure 3.25 Effective Poisson’s ratio of a ﬂuid-saturated solid containing crack-like pores of aspect
ratio α = 0.1, according to the Differential scheme, for various ratios of the solid’s Poisson’s ratio,
ν0. The ratio of ﬂuid bulk modulus to the solid’s bulk modulus is Kf/K0 = 0.05.
The recent simulations given by Suvorov and Selvadurai [2011] show how the difference
between G¯ and Gu (predicted by the Mori-Tanaka scheme and the Gassmann equation,
respectively), if plotted as function of the pore aspect ratio (for a given porosity), vanish
when the pore shape approaches sphericity.
Such conclusions, which are equivalently reached for the Kuster-Tokso¨z predictions if
a similar analysis as for the Mori-Tanaka scheme is carried out, are not surprising when
remembering the respective assumptions of Gassmann’s equations and effective medium
theories on pore pressure equilibrium. If a solid contains pores having all the same aspect
ratio, the induced pore pressure under a hydrostatic state of stress is exactly the same in all
the pores. Hence, it is expected that the values for the saturated bulk modulus reached by
Gassmann’s model and effective medium theories are the same regardless of whether it is
assumed that the pores are locally in pore pressure equilibrium, as in Gassmann’s model, or
individually undrained, as in effective medium theories. In contrast, under a state of shear
stress, the assumption of local pore pressure equilibrium is not veriﬁed, as the induced pore
pressures, if pores are treated as isolated from each other with regards to ﬂuid ﬂow, depend
on pore orientation and will subsequently vary from pore to pore.
According to the Differential scheme, the pore compliances coefﬁcients (Pu,Qu) are
evaluated incrementally by introducing a small concentration of pores in the “matrix” that
already contains the inﬂuence of the other pores. Although pores are assumed to have the
same aspect ratio, the values (Pu,Qu) now depend on the iteration stage as, implicitly, the
induced pores pressure do: hence, conditions of local pore pressure equilibrium are not
veriﬁed. Moreover, it should be remembered that, as the differential equations are coupled,
the effective bulk and shear moduli do not independently depend on Pu and Qu, respectively
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(as for the Mori-Tanaka and Kuster-Tokso¨z scheme). In other words, as the effective shear
modulus is not consistent with Gassmann’s model, it will in turn “affect” the effective bulk
modulus in the iteration process. Such combined effects of the iteration process and the
coupling of the differential equations causes neither the effective bulk or shear moduli to be
consistent with Gassmann’s model, even for in the case of spherical pores. However, these
effects appear to be intrinsically linked to the Differential process and, within the discussion
of the consistency of effective medium and Gassmann estimates for saturated moduli,
remain of “second order”, as they are negligible if compared to the main factors invoked in
the last two paragraphs, which are independent on the effective medium theory. As shown
by Suvorov and Selvadurai [2011], to a very good approximation, the saturated bulk modu-
lus predicted by the Differential scheme is consistent with Gassmann’s model, for any value
of the pore aspect ratio; for spherical pores, they also find that the difference between G¯
and G is negligible (note that the latter conclusion is equivalently reached from Figure 3.23).
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4 Effect of stress on elastic wave velocities
Chapter 2 and 3 were devoted to quantitatively relating the effective elastic moduli of
porous, “composite” rocks, to the porosity, the pore geometry, as well as to the elastic
moduli of the minerals and fluid phases, regardless of the state of applied stress. Such an
analysis contains two levels of approximation. The first one idealises the shape of the pores,
as they are assumed to be represented by spheroids; the second level of approximation
involves the way results for non-dilute pore concentrations are obtained, by the use of
effective medium theories. Relating effective properties to the microstructure can be done
regardless of the state of applied stress. However, the pore space is responsible for the
pressure dependence of elastic properties of rocks, as pores deform under pressure. More
precisely, the deformation of a given pore is directly related to its aspect ratio. Hence, a
satisfying pore structure model should consistently account for the evolution of static as
well as dynamic elastic properties with stress.
Elastic velocities have been measured in sandstones for decades [King, 2005], notably
by the travel-time method in the laboratory using P and S-wave transducers glued onto
the sample, under independently controlled confining and pore fluid pressures. During
hydrostatic compression, Vp and Vs increase with pressure, and reach asymptotic values
at high pressures, provided that the rock remains in the elastic regime. The increase of
elastic velocities with pressure is attributed to crack closure: when the confining pressure
increases, “compliant” thin cracks successively close up at pressures that are proportional to
their aspect ratios [Walsh, 1965]; hence, the value attained by the high-pressure velocities
will only reflect the influence of the “stiff”, non-closable pores.
Consequently, the pressure dependence of velocities can be inverted to obtain the
pore aspect ratio distribution. Morlier [1971] devised a method to extract the aspect
ratio distribution directly from the dry rock compressibility (either measured by static
methods, or calculated from elastic velocities). This method ignores stress field interactions
between nearby cracks, and so is accurate only for rocks containing low crack densities.
Zimmerman [1991a] extended Morlier’s method by using an effective medium theory to
account for the nonlinear variation of compressibility with crack density. Zimmerman’s
method can be used in conjunction with any effective medium theory. However, this
method is not able to extract the aspect ratios of the stiff, non-closable pores. Cheng
and Tokso¨z [1979] performed a joint inversion of dry and saturated velocities on various
sandstones, assuming a discrete distribution of aspect ratios. However, their method is
only valid for the Kuster-Tokso¨z scheme. They used a crack closure law that was not
consistent with their equation for the bulk compressibility, and their method only yields an
aspect ratio distribution that is defined at a finite number of aspect ratios. Agersborg et al.
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[2008] inverted aspect ratio distributions from dry data on carbonates, which were then
used to predict saturated velocities that were compared to the predictions of the Gassmann
relations. However, their analysis is complex and involves a very large number of fitting
parameters. Fortin et al. [2007] inverted (separately) dry and saturated velocities on a
Vosges sandstone. Their analysis is simple, but they assume that the non-closable pores
are spherical, which is not realistic; they also assume that cracks have only one “average”
aspect ratio that is inverted at each pressure, without using a crack closure equation to
relate aspect ratio to the pressure, which would be necessary in order to obtain the initial
crack aspect ratio distribution at zero pressure.
One way to accurately account for the non-linear elastic behaviour of porous rocks
during hydrostatic compression is to assume that the rock contains a distribution of aspect
ratios. The first aim of this chapter, in Section 4.1, is therefore to invert the pressure
dependence of dry velocities to obtain the complete aspect ratio distribution, extending
Zimmerman’s method. It is assumed that the rock contains a distribution of crack aspect
ratios, along with one family of stiff pores having an aspect ratio lying somewhere between
0.01 and 1. The model is developed in two versions, using the Mori-Tanaka scheme, which
allows simple analytical treatment, and the Differential scheme, which is very robust even
at high pore concentrations (cf. Chapter 3). The inversion is done using data obtained
in dry experiments, since pore fluids have a strong effect on velocities, and tend to mask
the effects of pore geometry. This new method is much simpler to implement than a
complicated joint inversion of dry and saturated data, such as that performed by Cheng and
Tokso¨z [1979].
It would be very useful to develop a pore structure model that is able to predict the (fully)
saturated velocities, for any fluid present in the pores, noting that at a given differential
stress, the pore structure should be the same as during a dry test. The Gassmann equations
express the undrained elastic moduli as functions of drained moduli (which are equal to dry
moduli) without any assumption regarding the microstructure. However, as was mentioned
in the previous chapter, Gassmann assumed that there is local equilibrium of fluid pressure
within the pore space, which is not necessarily the case for ultrasonic measurements that
are performed at high frequencies (∼MHz). The high-frequency behaviour might be better
described by the use of effective medium theories, which implicitly assume that the fluid is
trapped in each individual pore. Hence, in Section 4.2, fluid is introduced into the aspect
ratio distribution function obtained from dry data, to test the predictions of effective medium
theories against several experimental data sets on sandstones.
4.1 Inversion of dry velocities as functions of pressure
4.1.1 Method for obtaining the pore aspect ratio distribution
Consider an isotropic rock core loaded under dry and quasi-static conditions at various
hydrostatic pressures, in the elastic regime, and that the following measurements are avail-
able: P and S-wave velocities, (Vp,Vs), as functions of increasing hydrostatic pressure P;
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the rock density, ρ; the mineralogical composition, from which the effective elastic moduli
of the mineral phase can be inferred using the Voigt-Reuss-Hill average; and the porosity, φ .
Recall that the elastic bulk and shear moduli (K,G) can be directly calculated from the
wave velocities:
K = ρ(V 2p −
4
3
V 2s ), (4.1)
G = ρV 2s . (4.2)
Effective medium theories provide us a very useful tool to relate elastic properties to the mi-
crostructure. According to the Mori-Tanaka and Differential schemes, the effective moduli
(K,G) of an isotropic solid containing one family of randomly oriented dry pores, having
one aspect ratio, have been expressed in Chapter 3 as functions of the porosity, the pore
geometry, and the elastic moduli of the minerals, and are described by equations (3.1)-(3.2)
and (3.5)-(3.5), respectively.
4.1.1.1 High-pressure data and stiff porosity
A value for the aspect ratio of the stiff pores can be extracted from the high-pressure data,
assuming that all cracks are then closed. This can be considered to be a realistic assumption
if measurements of Vp and Vs are available at a pressure sufficiently high so that the velocities
reach asymptotic values. If this is not the case, they can still be obtained assuming that the
bulk compressibility Cbc = 1/K and shear compliance S = 1/G, decay exponentially with
confining pressure P; as far as the compressibility is concerned, this empirical law has been
shown to represent well the behaviour of many sandstones [Zimmerman, 1991a]:
Cbc = (Cibc−Chpbc )e−P/P̂+Chpbc , (4.3)
S = (Si−Shp)e−P/P̂+Shp, (4.4)
where the subscript “i” refers to initial values (at zero pressure), “hp” refers to high-pressure
values, and P̂ is a scaling factor, with dimensions of pressure, that characterises the rate
at which the compliances level off. Such fits, actually for the moduli rather than the
compliances, have recently been tested successfully against many sets of experimental data
on sandstones by MacBeth [2004]. Theoretical justifications of expressions (4.3) and (4.4)
have been proposed by Shapiro [2003] and Liu et al. [2009].
The first step in the method is to invert the high-pressure velocities (V hpp ,V
hp
s ) to obtain
the best value of the aspect ratio of the non-closable pores, αhp, which is assumed to lie
between 0.01 (a slightly inflated oblate spheroidal crack) and 1 (a spherical pore). The
choice of the aspect ratio range is not arbitrary: the closure pressure of a pore is roughly
equal to αE0 (in the non-interaction approximation), where E0 is the solid-phase Young’s
modulus [Walsh, 1965]; hence, the closure of a pore having an aspect ratio α = 0.01, in a
typical sandstone (E0 ∼ 50 GPa), would require a pressure equal to 500 MPa, which is far
beyond the value that would cause inelastic pore collapse. It is therefore not necessary to
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consider values of α lower than 0.01 when inverting the aspect ratio of the non-closable
pores.
The ensuing effective medium modelling considers that the family of stiff pores is
embedded in the mineralogical matrix with elastic moduli (K0,G0), and that the total
porosity φ is matched by such pores. For the Mori-Tanaka scheme, αhp is found by
inverting the set of equations (3.1) and (3.2), setting K = Khp, G = Ghp where (Khp,Ghp)
refer to the high-pressure bulk and shear moduli, respectively. The parameter αhp is found
by a simple least-squares regression. The same inversion procedure is performed for the
Differential scheme, except that the solutions of the differential equations (3.5) and (3.6) (in
the forward modelling sense) are obtained numerically (using a Runge-Kutta algorithm).
Indeed, although some approximate analytical solutions can be found for a wide range
of aspect ratios (α < 0.3), they do not cover the entire range 0.01< αhp < 1 (cf. Chapter 3).
The values of high-pressure moduli obtained from the inversion are referred to as
(Khp,mt,Ghp,mt) and (Khp,dem,Ghp,dem) for the Mori-Tanaka scheme and Differential
scheme, respectively. They result from an inversion, in which one parameter αhp is used to
match two independently measured velocities, V hpp and V
hp
s . The purpose of this notation is
to avoid confusion with (Khp,Ghp), which are the experimentally measured values.
A key point to remember is that the presence of non-closable pores does not introduce any
pressure dependence into the elastic moduli (see notably the analysis proposed by Shapiro
[2003]). The aspect ratios of the stiff pores change very slightly with pressure, but as long
as the pores remain open, they contribute an additional term in the bulk compliance that is
independent of pressure. The pressure dependence is caused only by the presence of cracks
that successively close up. Hence, it can be considered that, at each pressure, such cracks
are simply introduced into a host material formed by the minerals plus the stiff pores.
4.1.1.2 Inversion of crack densities
In the case of penny-shaped dry cracks, with aspect ratios lower than 0.01, P and Q are
inversely proportional to α (chapter 2), which leads to simple expressions for the effective
moduli (K,G). According to the Mori-Tanaka scheme, such expressions reduce to the no-
interaction approximation, because as cracks represent a very small volume fraction, the
term (1−φ) in the denominator on the right-hand side of equations (3.1) and (3.2) becomes
negligible. Hence, for cracks,
Khp,mt
K
= 1+
16
[
1− (νhp,mt)2]Γ
9(1−2νhp,mt) , (4.5)
Ghp,mt
G
= 1+
32
(
1−νhp,mt)(5−νhp,mt)Γ
45(2−νhp,mt) , (4.6)
where (Khp,mt,Ghp,mt) are the bulk and shear moduli of the host material com-
posed of the minerals and the non-closable pores, and are found from the in-
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version of the high-pressure data using the Mori-Tanaka scheme, and where
νhp,mt = (3Khp,mt−2Ghp,mt)/(6Khp,mt+2Ghp,mt).
According to the Differential scheme, K and ν are expressed as explicit functions of Γ
(cf. Chapter 3), by equations (3.22) and (3.23). Adopting the notations used in the present
chapter, K and ν are given by:
K
Khp,dem
=
(
1−2νhp,dem)e−16Γ/9
1−2νhp,deme−8Γ/5 , (4.7)
ν
νhp,dem
= e−8Γ/5, (4.8)
where, now, (Khp,dem,Ghp,dem) are the bulk and shear moduli of the host ma-
terial composed of the minerals and the non-closable pores, which are found
from the inversion of high-pressure data using the Differential scheme, and where
νhp,dem = (3Khp,dem−2Ghp,dem)/(6Khp,dem+2Ghp,dem).
The expressions relating the effective moduli to the crack density, for both the Mori-
Tanaka and the Differential schemes, do not depend on the value of the crack aspect ratio,
α , as long as α remains lower than 0.01. At each pressure, the value of Γ can be inverted by
a least-squares regression on the measured velocities Vp and Vs. Since cracks successively
close up as the confining pressure increases, a decreasing function Γ(P) is obtained. The
next step to obtain the crack aspect ratio distribution function Γ(α) is to consider the change
of crack aspect ratios with pressure.
4.1.1.3 Relating aspect ratio and pressure
Consider an individual crack of aspect ratio α(P) at a given pressure P. The initial value of
the crack aspect ratio at zero pressure is denoted by α i, i.e., α i = α(P = 0). The pore com-
pressibility Cpc relates the volumetric deformation of a crack to an increment of hydrostatic
pressure dP, as follows [Zimmerman, 1991a]
dεp =−Cpc(P,α i)dP, (4.9)
adopting the convention that compressive stresses or strains are positive. The volumetric
deformation of a crack can be related to the change of aspect ratio, remembering that for a
three-dimensional crack of length 2a and aperture 2c, i.e., of aspect ratio α = c/a, the length
of the crack can be assumed to remain unchanged during closure [Zimmerman, 1991a]. In
other words, dεp = dα/α i, so equation (4.9) can be re-written as follows:
dα =−[α iCpc(P,α i)]dP. (4.10)
Hence, the aspect ratio of an individual crack can be related to the hydrostatic pressure
simply by integrating the pore compressibility as a function of pressure. In doing this, a
crucial step is to realise that the product αCpc depends only on P but not on α [Zimmerman,
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1991a]. Indeed, the compressibility of a thin crack is inversely proportional to its initial
aspect ratio (see equation (2.33)):
Cpc =
4(1−ν2)
3Kpi(1−2ν)α i . (4.11)
Although the evaluation of the elastic parameters of the “matrix” (K,ν), which are, a priori,
functions of P, will depend on the choice of an effective medium theory, it is clear from
equation (4.11) that αCpc will remain independent of α . Integrating relation (4.10) between
P = 0 and P gives
α(P) = α i−
∫ P
0
[α iCpc(P′,α i)]dP′. (4.12)
In the particular case in which P corresponds exactly to the closure pressure of a crack of
initial aspect ratio α i, α(P) = 0 so that:
α i =
∫ P
0
[α iCpc(P′,α i)]dP′. (4.13)
Now, at each pressure P and for any open crack (α(P) > 0), equation (4.12) leads to a
general form for the evolution of aspect ratio with pressure:
α(P) = α i−α?(P), (4.14)
where, combining equations (4.11) and (4.12),
α? =
∫ P
0
[
4(1−ν2)
3Kpi(1−2ν)
]
dP′. (4.15)
From equation (4.13), α?(P) can be identified as the minimum value of the initial aspect ra-
tio of those cracks that are still open at a given pressure P. In other words, all cracks that are
open at a pressure P are cracks having initial aspect ratios α i > α?(P). Moreover, α? also
represents also the decrease of aspect ratio with pressure; this decrease is independent of the
aspect ratio of the crack considered (see equation (4.15)). Hence, in a rock containing open
cracks, all crack aspect ratios decrease by the same amount between two pressure stages.
Equation (4.14) also shows that crack aspect ratios are not necessarily linear functions of
pressure, as from equation (4.11) the elastic moduli evaluated in the integral (4.15) are, in
general, functions of P.
4.1.1.4 Obtaining the aspect ratio distribution
In the previous section, a general relation between the initial aspect ratio of a crack and the
pressure required to close that crack was obtained (equation (4.13)). The additional relation
obtained between P and Γ by the use of effective medium theories (Section 4.1.1.2) suggests
that one could obtain the crack aspect ratio distribution by changing variables from P to the
crack density Γ in the integral of equation (4.13). However, the pore compressibility Cpc
in equation (4.13) is the pore compressibility of an individual pore, whereas Γ is related to
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the compressibility of the entire pore space. Therefore, it is necessary to express the pore
compressibility Cpc of the entire body in terms of the pore compressibility of individual
pores. This derivation has been given in [Zimmerman, 1991a], and leads to:
φ icCpc(P) =
4pi
3
[
α iCpc(P,α i)
]
Γ(α i), (4.16)
where φ ic is the initial crack porosity (i.e., at zero pressure), which should not be confused
with the total porosity of the rock; and where Γ(α) is the cumulative aspect ratio distribution
function for the crack density. Γ(α) represents the total crack density associated with cracks
having initial aspect ratios greater than α i, which are then still open at pressure P. Hence,
since α i is a monotonically increasing function of P (the cracks with larger initial aspect
ratio will close at higher pressures), and Γ is obviously a decreasing function of P, the
aspect ratio distribution of the cumulative crack density Γ(α i) will also be a monotonically
decreasing function of α i. This suggests that Γ can be used instead of P as the variable of
integration in equation (4.13). Combining with the relation (4.16) and changing variables
leads to
α i =
3φ ic
4pi
∫ Γ(α)
Γi
Cpc(Γ)
Γ
dP
dΓ
dΓ, (4.17)
where Γi is the initial crack density at zero pressure.
The use of the bulk compressibility Cbc rather than Cpc in the integral may be more appro-
priate, since Cbc is directly measured by the seismic velocities (see equation (4.3)). These
two compressibilities are related by φ icCpc = Cbc−Chpbc (see equation (2.71)), where it is
recalled that Chpbc is the compressibility of the host material formed by the minerals and the
non-closable pores, which is independent of pressure. Inserting this relation into equation
(4.17) gives
α i =
3
4pi
∫ Γ(α)
Γi
[
Cbc(Γ)−Chpbc
]
Γ
dP
dΓ
dΓ, (4.18)
where Cbc(Γ) is explicitly given by some effective medium theory (see equations (4.5) and
(4.7) for the Mori-Tanaka and Differential schemes, respectively), and Chpbc results from the
inversion of high-pressure data and will also depend on the choice of effective medium
theory (Chpbc =C
hp,mt
bc or C
hp
bc =C
hp,dem
bc ). As there is no explicit relation between P and Γ (the
value of Γ is inverted at each pressure for the data points simply by minimizing the error on
Vp and Vs), the evolution of crack density with pressure is assumed to obey an exponential
decay law:
Γ(P) = Γie−P/P̂. (4.19)
One of the advantages of such a fit, the parameters of which will depend on the effective
medium theory considered, is that is gives an estimation of the initial crack density at zero
pressure, whereas measurements of velocities at zero pressure are not always available.
Also, the calculation of the aspect ratio distribution function comes from the integration
of an analytical function, which is simple. The use of an empirical relation of the form
given by equation (4.19) seems reasonable: for the Mori-Tanaka scheme, it is easy to see
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(from equation (4.5)) that a relation between pressure and crack density such as in equation
(4.19), corresponds to an exponential dependence the bulk compressibility of the form
(4.3). This is not precisely true for the Differential scheme, however, but the use of the
relation (4.19) gives very good fits (see Section 4.1.2).
The formulation for the aspect ratio distribution function given in equation (4.18) is
slighly different from the one given by Zimmerman [1991a], where the crack density Γ
matches the compressibility data Cbc only, and does not come from a least-squares mini-
mization on the two variables (Vp,Vs), as in the present method. In Zimmerman’s method,
Cbc(P) results from an exponential curve fit (equation (4.3)) and, therefore, does not depend
on the choice of the effective medium theory. Since Cbc is also a monotonically decreasing
function of Γ regardless of the effective medium theory considered, equation (4.18) can be
rewritten (using the chain rule) in the form given by Zimmerman [1991a]:
α i =
3
4pi
∫ Γ(α)
Γi
(
Cbc(Γ)−Chpbc
) dCbc
dΓ
dCbc
dP
Γ
dΓ, (4.20)
which has the advantage of being explicitly independent of the choice of effective medium
theory. This expression clearly shows which terms come from the effective medium theory
(namely, Cbc(Γ) and dCbc/dΓ) and which come from from the empirical fit to the data
(Chpbc and dCbc/dP). Finally, the initial value of the crack density, Γ
i, comes from the
inversion of the compressibility Cbc(P = 0) = Cibc, using the Cbc(Γ) relation. Note that,
when considering the effective medium equations for the Mori-Tanaka scheme (which,
for cracks, are equivalent to the no-interaction approximation), the relation (4.20) can be
shown to reduce to Morlier’s expression [Morlier, 1971], as would be expected.
Γ(α) is the aspect ratio distribution of the cumulative crack density, which, as noted
above, is a decreasing function of α . The aspect ratio distribution of the crack density,
γ(α), can be defined as γ(α) =−dΓ/dα [Zimmerman, 1991a]. Using the relation between
crack density and crack porosity given by equation (3.15), a crack porosity distribution
function, c(α), can similarly be defined:
c(α) =
4piα
3
γ(α), (4.21)
as well as a cumulative crack porosity, C(α):
c(α) =
dC
dα
. (4.22)
The aspect ratio distribution function of the cumulative crack porosity, C(α), should reach
asymptotically a value which is simply the initial crack porosity, φ ic. It can also be verified
a posteriori that φ ic is indeed very small compared to the value of the total porosity, φ ,
validating the initial assumption that the total porosity is essentially due to the non-closable
pores.
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Table 4.1 Physical properties and composition of rocks in the present study
sandstone porosity bulk density (dry)
(kg/m3)
mineralogical com-
position
Vosges
(Bleurswiller)†
0.235* 1950 50% quartz, 30%
feldspars, 20% mi-
cas
Fontainebleau‡ 0.04** 2544 100% quartz
† data after Fortin et al. [2007].
‡ data given in Chapter 5.
* the initial porosity is about 0.25; 0.235 is the estimated value of the porosity at high pressure (110 MPa)
using the pore volume change (e.g., gas for dry experiments). Although the porosity change during elastic
compression of the pore space is generally small (about 1.5% for this test), using the high-pressure value,
instead of the zero pressure value, is more accurate for extracting the aspect ratio of the stiff pores.
** value taken at zero pressure.
4.1.2 Application to experimental dry tests on sandstones
4.1.2.1 Vosges and Fontainebleau sandstones
Measurements of ultrasonic velocities on two isotropic sandstones were obtained in the
laboratory at various increasing confining pressures, under dry conditions. The measure-
ments of Fortin et al. [2007] on Vosges sandstone were obtained by the commonly used
“travel-time method”, using P and S-wave transducers glued onto the sample. Ultrasonic
measurements of (Vp,Vs) were measured at a frequency of 1 MHz, up to a confining
pressure of 110 MPa (for details, see Fortin et al. [2007]). Measurements on Fontainebleau
sandstone were obtained during this thesis using the same experimental setup and method as
in Fortin et al. [2007], up to 90 MPa (see Chapter 5). Physical properties and compositions
for the two samples are summarised in Table 4.1.
As explained in Section 4.1.1.1, the first step is to invert the high-pressure velocities
to estimate the aspect ratio of the stiff pores, αhp. For both sets of data, as the velocities
clearly reach asymptotic values, it was not necessary to use an exponential curve fit of
the compressibility and shear compliance data (equations (4.3)-(4.4)) to estimate the
high-pressure velocities; rather, it was assumed that the high-pressure velocities corre-
sponded to the values measured at 110 and 90 MPa for the Vosges and Fontainebleau
sandstones, respectively. For the Vosges sandstone, as the calculated Voigt-Reuss bounds
for the effective moduli of the mineral phase are far apart, the high-pressure data were
inverted with the elastic moduli of the grains (K0,G0) treated as open parameters (lying
within the bounds). As far as Fontainebleau sandstone is concerned, the elastic moduli of
quartz are well-documented in the literature (see Table 4.2). The least-squares inversion
of high-pressure data minimises the error on Vp and Vs (with equal weights), remembering
that the total porosity is forced to be matched. The results of the inversion, which are
summarised in Table 4.2, show that the high-pressure elastic wave velocities of both
sandstones can be well inverted assuming that the rock contains only one family of
spheroidal pores, with less than 0.5% error, for either choice of the effective medium
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Table 4.2 Inversion results for the high-pressure velocities (present model), according to the Mori-
Tanaka (MT) and Differential (DEM) schemes.
sandstone αhp (MT) error on
(V hpp ,V
hp
s )
(MT)
αhp (DEM) error on
(V hpp ,V
hp
s )
(DEM)
Vosges 0.13† 0.2% 0.20† 0.3%
Fontainebleau 0.60‡ 0.1% 0.69‡ 0.1%
† with K0 = 39 GPa, G0 = 24 GPa, that are inverted values for both Mori-Tanaka and Differential scheme. It
was assumed (K0,G0) lie within the Voigt-Reuss bounds of mineralogical components, that were calculated
using the mineral properties given in Mavko et al. [2009].
‡ taking K0 = 37 GPa, G0 = 44 GPa, for quartz [Mavko et al., 2009].
Table 4.3 Fitting parameters for the pressure dependence of bulk compressibility Cbc, according to
equation (4.3).
sandstone Cibc (/MPa) C
hp
bc (/MPa) P̂ (MPa) goodness (R
2)
Vosges 0.212 0.081 7.8 0.981
Fontainebleau 0.046 0.030 9.7 0.966
Table 4.4 Inversion results for the high-pressure velocities (Zimmerman’s method), according to
the Mori-Tanaka (MT) and Differential (DEM) schemes.
sandstone αhp (MT) error on
(V hpp ,V
hp
s )
(MT)
αhp (DEM) error on
(V hpp ,V
hp
s )
(DEM)
Vosges 0.12† 2.2%* 0.18† 3.8%*
Fontainebleau 0.28‡ 1.2%** 0.29‡ 1.2%**
† with K0 = 39 GPa, G0 = 24 GPa, cf. Table 4.2.
‡ taking K0 = 37 GPa, G0 = 44 GPa, cf. Table 4.2.
* compared with measured values for (Vp,Vs) at the highest pressure (110 MPa).
** compared with measured values for (Vp,Vs) at the highest pressure (90 MPa).
theory. This was not guaranteed, since it is clear from looking at micrographs such as in
Bourbie´ et al. [1987] that real pores in sandstones do not exactly resemble spheroids. The
values of αhp shown in Table 4.2 are slightly higher for the Differential scheme than for
the Mori-Tanaka scheme. Such a result is to be expected, since for the same amount of
pores, the Differential scheme always predicts a more compliant behaviour than does the
Mori-Tanaka scheme (cf. Chapter 3). Hence, if the Mori-Tanaka scheme leads to “flat-
ter” pores, which are always more compliant (cf. Chapter 2), the “balance” is re-established.
The cumulative crack density at each pressure is then found, as explained in Section
4.1.1.2, by a simple least-squares method minimizing the error on Vp and Vs (with equal
weights). As expected, the estimates for the crack density are much higher for the Mori-
Tanaka scheme than for the Differential scheme, since, for thin cracks, the Mori-Tanaka
scheme is equivalent to the no-interaction approximation.
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Figure 4.1 Inversion of a) Vp, compressional seismic velocity; b) Vs, shear seismic velocity; for a
dry Vosges sandstone (data after Fortin et al. [2007]). The present model is compared to Zimmerman
[1991a] for the Mori-Tanaka and Differential schemes.
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Figure 4.2 Inversion of a) Vp, compressional seismic velocity; b) Vs, shear seismic velocity; for a dry
Fontainebleau sandstone (data given in Chapter 5). The present model is compared to Zimmerman
[1991a] for the Mori-Tanaka and Differential schemes.
The results of the effective medium modelling for compressional and shear velocities
are represented in Figures 4.1 and 4.2 for the Vosges and Fontainebleau sandstones,
respectively. The results obtained by Zimmerman’s method, for which inverted values of
the crack density and aspect ratio of the stiff pores are fit to the compressibility data only,
using the form given by equation (4.3), are also shown. The fitting parameters (Cibc,C
hp
bc , P̂)
used in Zimmerman’s method are presented in Table 4.3, and the results for the aspect ratio
of the stiff pores (inverting, then, only Chpbc ), are presented in Table 4.4.
83
4 Effect of stress on elastic wave velocities
a) b)
c,
 c
ra
ck
 p
or
os
ity
 d
is
tri
bu
tio
n 
fu
nc
tio
n
α, crack aspect ratio
0 1 2 3 4 5 6
x 10−3
0
0.2
0.4
0.6
0.8
1
1.2
Vosges sandstone
porosity φ = 25% 
model (Mori-Tanaka)
model (Differential)
0 1 2 3 4 5 6
x 10−3
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6 x 10
−3
C
, c
um
ul
at
itv
e 
cr
ac
k 
po
ro
si
ty
α, crack aspect ratio
Vosges sandstone
porosity φ = 25% 
model (Mori-Tanaka)
model (Differential)
total crack porosity = 
0.14% (Mori-Tanaka)
0.16% (Differential)
Figure 4.3 a) Crack porosity distribution function, c(α); b) Aspect ratio distribution of the cumula-
tive crack porosity, C(α); for a Vosges sandstone (data after Fortin et al. [2007]).
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Figure 4.4 a) Crack porosity distribution function, c(α); b) Aspect ratio distribution of the cumula-
tive crack porosity, C(α); for a Fontainebleau sandstone (data given in Chapter 5).
This new pore structure model is more accurate in inverting the pressure dependence
of elastic properties than is Zimmerman’s method, although the latter has the advantage
of being simpler, and gives reasonably good fits. In particular, the behaviour of Poisson’s
ratio, which is very sensitive to the microstructure (cf. Chapter 3), is very well matched
at all pressures by the new method (see Figures 4.13 and 4.16, where inversions of dry
velocities and predictions for saturated velocities, respectively for Vosges and Fontainebleau
sandstones, are summarised). This validates the use of the spheroidal model for the pores,
as equally good fits have been obtained for many data sets (cf. Section 4.1.2.2).
For both schemes, the pressure dependence of the crack density is fit reasonably well by
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the exponential curve fit (equation (4.19)). For the Vosges sandstone, according to the Mori-
Tanaka scheme, Γ(P) = 0.753e−P/9.3 (P in MPa) (goodness of fit: R2 = 0.971); according
to the Differential scheme, Γ(P) = 0.458e−P/13.6 (R2 = 0.976). For the Fontainebleau sand-
stone, according to the Mori-Tanaka scheme, Γ(P) = 0.226e−P/11.8 (R2 = 0.973); accord-
ing to the Differential scheme Γ(P) = 0.192e−P/13.1 (R2 = 0.975). The resulting aspect
ratio distributions functions, which are shown in Figures 4.3 and 4.4 for the Vosges and
Fontainebleau sandstones, respectively, are calculated from equation (4.18) using the expo-
nential curve fits Γ(P). As noted above, for the case of non-closable pores, the Differential
scheme infers the presence of a smaller number of cracks that have a higher aspect ratio
compared to the Mori-Tanaka scheme; such a result has also been obtained by Zimmerman
[1991a]. This is particularly clear when looking at the crack porosity distribution function,
c(α). The aspect ratio distribution function of the cumulative crack porosity, C(α), reaches
an asymptotic value, as expected, which gives an estimation of the total crack porosity in
the rock. Furthermore, it provides a posteriori verification that the contribution of crack
porosity to the total porosity is negligible, which was initially assumed (see Figures 4.3 and
4.4).
4.1.2.2 Navajo, Weber and Kayenta sandstones
Measurements of ultrasonic (1 MHz) P and S-wave velocities were obtained by Coyner
[1984] on Navajo, Weber and Kayenta sandstones, under dry conditions and up to a con-
fining pressure of 100 MPa (for Navajo and Weber sandstones) and 70 MPa (for Kayenta
sandstone). Physical properties and compositions of such rocks are described in Table 4.5.
The aspect ratios of the stiff pores, that are obtained by inverting the high-pressure data, are
presented in Table 4.6. It was again assumed that the high-pressure velocities corresponded
to the values measured at 100 MPa for Navajo and Weber sandstones, and 70 MPa for
Kayenta sandstone. The elastic moduli of the grains were calculated by a Voigt-Reuss-Hill
average (see Table 4.6). The inverted dry P and S-wave velocities, as function of pressure,
are shown in Figures 4.5, 4.7 and 4.9, respectively for Navajo, Weber and Kayenta sand-
stones. The exponential curve fits for pressure dependence of the crack density are given in
Table 4.7. The resulting aspect ratios distributions functions are shown in Figures 4.6, 4.8
and 4.10 for the three rocks.
4.2 Prediction of saturated velocities as functions of pressure
4.2.1 Methods for predicting saturated velocities from dry velocities
4.2.1.1 Using the Gassmann equations
It has been shown above that the pore aspect ratio distribution can be extracted from the
pressure dependence of elastic wave velocities on dry rocks. In a rock that is fully saturated
with fluid, at a given differential stress† the pore structure should be the same as for a dry
†It is recalled that the differential stress is, by definition, equal to Pc−Pp, where Pc and Pp are the confining
and pore pressures, respectively.
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Table 4.5 Physical properties and composition of rocks in the present study
sandstone porosity dry bulk density
(kg/m3)
mineralogical com-
position
Navajo† 0.118 2316 89% quartz, 4% K-
feldspar, 4% illite,
2% kaolinite, 1%
calcite
Weber‡ 0.095 2392 similar to Navajo
sandstone*
Kayenta** 0.222 2017 52% quartz, 21%
K-feldspar, 20%
calcite, 7% micro-
cline
† porosity and density data after Coyner [1984]; composition after Parry et al. [2007].
‡ porosity and density data after Coyner [1984].
* see Bowker and Shuler [1991].
** data after Coyner [1984].
Table 4.6 Inversion results for the high-pressure velocities (present model), according to the Mori-
Tanaka (MT) and Differential (DEM) schemes.
sandstone αhp (MT) error on
(V hpp ,V
hp
s )
(MT)
αhp (DEM) error on
(V hpp ,V
hp
s )
(DEM)
Navajo† 0.25 0.1% 0.31 0.3%
Weber† 0.11 1.0% 0.13 0.8%
Kayenta‡ 0.09 0.1% 0.15 0.6%
† with K0 = 30 GPa, G0 = 33 GPa, calculated by a Voigt-Reuss-Hill average. The elastic properties of the
minerals are taken from Mavko et al. [2009].
‡ with K0 = 42 GPa, G0 = 30 GPa, calculated by a Voigt-Reuss-Hill average. The elastic properties of the
minerals are taken from Mavko et al. [2009].
Table 4.7 Exponential curves fits for the pressure dependence of crack density (see equation (4.19)),
according to the Mori-Tanaka (MT) and Differential (DEM) schemes.
sandstone exponential fit
for Γ (P in
MPa) (MT)
goodness (R2)
(MT)
exponential fit
for Γ (P in
MPa) (DEM)
goodness (R2)
(DEM)
Navajo 0.201e−P/23.5 0.989 0.173e−P/25.9 0.992
Weber 1.454e−P/15.4 0.995 0.734e−P/22.9 0.999
Kayenta 1.289e−P/7.2 0.969 0.653e−P/11.5 0.979
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Figure 4.5 Inversion of a) Vp, compressional seismic velocity; b) Vs, shear seismic velocity; for dry
Navajo sandstone (data after Coyner [1984]).
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Figure 4.6 a) Crack porosity distribution function, c(α); b) Aspect ratio distribution of the cumula-
tive crack porosity, C(α); for Navajo sandstone (data after Coyner [1984]).
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Figure 4.7 Inversion of a) Vp, compressional seismic velocity; b) Vs, shear seismic velocity; for dry
Weber sandstone (data after Coyner [1984]).
c,
 c
ra
ck
 p
or
os
ity
α, crack aspect ratio
Navajo sandstone
porosity φ = 11.8% 
a)
model (Mori-Tanaka)
model (Differential)
C
, c
um
ul
at
itv
e 
cr
ac
k 
po
ro
si
ty
α, crack aspect ratio
Navajo sandstone
porosity φ = 11.8% 
model (Mori-Tanaka)
model (Differential)
total crack porosity 
= 0.25% (Mori-Tanaka, 
Differential)
b)
x 10−3
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
x 10−3
0
0.5
1
1.5
2
2.5
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
x 10−3
0
0.5
1
1.5
2
2.5
3
Figure 4.8 a) Crack porosity distribution function, c(α); b) Aspect ratio distribution of the cumula-
tive crack porosity, C(α); for Weber sandstone (data after Coyner [1984]).
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Figure 4.9 Inversion of a) Vp, compressional seismic velocity; b) Vs, shear seismic velocity; for dry
Kayenta sandstone (data after Coyner [1984]).
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Figure 4.10 a) Crack porosity distribution function, c(α); b) Aspect ratio distribution of the cumu-
lative crack porosity, C(α); for Kayenta sandstone (data after Coyner [1984]).
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test (at the same differential stress).
The process of elastic wave propagation is generally assumed to occur under undrained
conditions. According to Gassmann’s analysis (see equations (3.78)-(3.79)), saturated ve-
locities can be predicted without any assumption on the microstructure, using only the dry
moduli. However, the Gassmann model assumes local pore fluid equilibrium between the
pores, whereas it is very likely that when elastic wave velocities are measured at high-
frequencies (∼ MHz) in fluid-saturated samples, the fluid behaves in the pores as if each
pore were isolated from its neighbors with regards to fluid-flow. The limiting frequency for
local flow between adjacent pores, is [O’Connell and Budiansky, 1977; Palmer and Travi-
ola, 1980]:
fc ∼ K0α
3
η
, (4.23)
where α is a characteristic aspect ratio of the pores, and η is the viscosity of the pore
fluid. For the sandstones considered in this study, (K0 ∼ 50 GPa, α ∼ 10−3), saturated
with water (η = 10−3 Pa.s), this expression yields fc ∼ 50 kHz. The velocities measured
in the laboratory were measured at much higher frequencies, implying that it may be more
appropriate to treat each pore as being isolated, in which case the effective elastic moduli
should be estimated using an effective medium theory, with the inclusion phase being the
pore fluid.
4.2.1.2 Using effective medium theories
According to the Mori-Tanaka and Differential schemes, the effective bulk and shear
moduli (K¯, G¯) of a medium containing fluid-saturated pores having an aspect ratio α are
given by equations (3.72)-(3.73) and (3.76)-(3.77), respectively.
To predict the effective elastic moduli of the fluid-saturated rock as functions of pressure,
the first step is to calculate the high-pressure elastic moduli of the “matrix” that is formed
by the minerals plus the saturated non-closable pores. These values are denoted by
(K¯hp,mt, G¯hp,mt) and (K¯hp,dem, G¯hp,dem) for the Mori-Tanaka and the Differential schemes,
respectively. As the “high-pressure” pore structure is assumed to be the same as for the dry
test, (K¯hp,mt, G¯hp,mt) and (K¯hp,dem, G¯hp,dem) are simply obtained by using αhp, the aspect
ratio of the non-closable pores inverted from dry data, φ , the total porosity (which is still
assumed to be accounted for by the non-closable pores) and (K0,G0), elastic moduli of the
minerals, as input parameters in equations (3.72)-(3.73) and (3.76)-(3.77), respectively.
The second step, which now considers the effect of cracks, is not trivial. For saturated
thin-cracks, the expressions giving the effective moduli depend on the crack density, but
also on the aspect ratio of the cracks (see Section 3.2.1 and, also, [Fortin et al., 2007]).
Hence, at each pressure, the individual crack contributions to the compliance, due to the
open cracks, must be summed up. However, in contrast to the dry case (Section 4.1.1.2), it
will not be possible to directly use the total crack density Γ to quantify the effective moduli.
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Consider a pressure stage P. According to Section 4.1.1.3, the open cracks in the rock are
the cracks having an initial aspect ratio α i greater than α?(P). According to equation (4.14),
their aspect ratio at pressure P has now become α(P) = α i−α?(P), where the calculation
of α?(P) from equation (4.15) depends on the effective medium theory considered. From
this point onwards, the model will be developed separately for the two different effective
medium theories.
Mori-Tanaka scheme According to the Mori-Tanaka scheme, the contribution of cracks
is calculated as if they were non-interacting. Hence, the crack closure equation (4.15) be-
comes
α? =
∫ P
0
4
[
1− (νhp,mt)2]
3piKhp,mt (1−2νhp,mt)dP
′ =
4
[
1− (νhp,mt)2]
3piKhp,mt (1−2νhp,mt)P, (4.24)
where the elastic moduli of the “high-pressure” host material (Khp,mt,νhp,mt) are taken to
be equal to the dry moduli.
For saturated cracks having an aspect ratio α , the general expressions for the Mori-Tanaka
scheme (3.72)-(3.73) giving the effective moduli reduce to the non-interaction approxima-
tion: if the arguments of the undrained pore compliances (Pu,Qu) are now explicitly written
in equations (2.69) and (2.70), (K¯, G¯) are given by
K0
K¯
= 1+φ
(
1− Kf
K0
)
Pu (α,Kf/K0,ν0) , (4.25)
G0
G¯
= 1+φQu (α,Kf/K0,ν0) , (4.26)
The initial porosity of cracks having an initial aspect ratio between α i and α i + dα i is,
by definition, c(α i)dα i. At pressure P, according to the previous considerations on the
change of crack geometry during closure (see Section 4.1.1.3), and to the crack closure
model (equation (4.14)), the porosity of such cracks is now c(α i)dα i(1−α?/α i). Hence,
equations (4.25)-(4.26) are used to add the individual crack contributions, for all open cracks
(α i > α?). Remembering that the effective moduli of the host material are (K¯mt,hp, G¯mt,hp),
the saturated effective moduli (K¯, G¯) are now given by
K¯mt,hp
K¯(P)
= 1+
∫
α i>α?(P)
[
c(α i)
(
1− α
?(P)
α i
)(
1− Kf
K¯mt,hp
)
× Pu
(
α i−α?(P),Kf/K¯mt,hp, ν¯mt,hp
)]
dα i, (4.27)
G¯mt,hp
G¯(P)
= 1+
∫
α i>α?(P)
[
c(α i)
(
1− α
?(P)
α i
)
× Qu
(
α i−α?(P),Kf/K¯mt,hp, ν¯mt,hp
)]
dα i, (4.28)
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Figure 4.11 Predictions for a) the compressional seismic velocity; b) the shear seismic velocity; for
water-saturated Vosges sandstone, according to Gassmann’s equation (using the dry velocity data,
cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data) as
input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry
velocities (cf. Figure 4.1) are also shown (data after Fortin et al. [2007]).
Knowing the aspect ratio distribution function of the porosity c(α), the integrals can be
calculated at each pressure by numerical integration†.
Differential scheme For the Differential scheme, the crack closure equation (4.15) be-
comes
α? =
∫ P
0
4(1−ν(P′)2)
3piK(P′)[1−2ν(P′)]dP
′, (4.29)
where, according to the Differential scheme, the elastic parameters (K,ν) of the (dry)
porous rock depend on pressure. They can be calculated combining the exponential curve
fit Γ(P) (equation (4.19)) (or Cbc(P) if the empirical equation (4.3) is used) with the
effective medium model (equation (4.7)-(4.8)).
For the Differential scheme, the effective moduli at each pressure cannot simply be ex-
pressed in closed-form expressions as in equations (4.27)-(4.28), but can be calculated by
iteration, using the following thought experiment. First, cracks are introduced into the high
pressure host material, when all cracks are closed, along a fictitious unloading path. If P is
decreased by a small increment dP, the cracks that are open are the cracks having initial as-
pect ratios α i >α?(P−dP), where α?(P−dP) is calculated from equation (4.29). Since dP
is small, it can be assumed the aspect ratio of the small fraction of open cracks is constant.
The porosity of such cracks is, according to previous considerations, c(α i)dα i(1−α?/α i).
†although exact expressions (2.58) and (2.59) for (Pu,Qu) have been used to evaluate the integrals, the
simple asymptotic expressions (2.84) and (2.86), for saturated cracks, can be alternatively used with excellent
accuracy.
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Figure 4.12 Predictions for a) the effective bulk modulus; b) the effective shear modulus; for water-
saturated Vosges sandstone, according to Gassmann’s equations (using the dry velocity data, cf.
Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data) as input
in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry
moduli are also shown (data after Fortin et al. [2007]).
Hence, the effective moduli can be calculated by solving the differential equations (3.76)-
(3.77), where the moduli of the host material are the “high-pressure” moduli of the rock
with no cracks. This procedure can be repeated by continually decreasing the pressure by
small increments; at each step, the differential equations are solved, introducing the small
number of cracks that re-open between the two pressure stages, into the host material that
contains the influence of the other cracks that were already open at higher pressures. This
method introduces cracks by small increments in an order that seems to be natural; more-
over, it has been shown that the order in which pores are added in the differential equations
has a very small influence on the overall effective moduli [LeRavalec and Gue´guen, 1996].
4.2.2 Application to experimental saturated tests on sandstones
4.2.2.1 Vosges and Fontainebleau sandstones
In Section 4.1.2.1, the aspect ratio distributions for the Vosges and Fontainebleau sand-
stones were obtained by matching the dry data. For both such experiments, P and S-wave
velocities were also measured for water-saturated tests, using a constant pore pressure
Pp = 10 MPa for the Vosges sandstone, and Pp = 5 MPa for the Fontainebleau sandstone.
The saturated velocities can first be estimated using Gassmann’s relations (equations
(3.78)-(3.79)). This process is straightforward and does not depend on the inversion of dry
data: the bulk and shear moduli of the minerals are already known (see Section 4.1.2.1), the
total porosity is measured, the bulk modulus of water, at pressure of 10 MPa, is Kf = 2.24
GPa (for the Vosges sandstone) and, at pressure of 5 MPa, is Kf = 2.20 GPa (for the
Fontainebleau sandstone) [Coyner, 1984], and the drained moduli, which are identified
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Figure 4.13 Predictions for the effective Poisson’s ratio for water-saturated Vosges sandstone, ac-
cording to Gassmann’s equations (using the dry velocity data, cf. Section 4.2.1.1), or alternatively
using the aspect ratio distributions (inverted from dry data) as input in effective medium schemes
(Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry Poisson’s ratio is also shown (data
after Fortin et al. [2007]).
with the dry moduli, are directly measured by seismic velocities.
The seismic velocities at high-frequency can also be estimated using the pore aspect ratio
distribution previously inverted from dry data (see Section 4.1.2.1) as input in the Mori-
Tanaka and Differential schemes, using the method presented in Section 4.2.1. Note that
the use of either the Gassmann equations or an effective medium theories yields estimated
values of the saturated moduli, which are in turn converted into saturated velocities by using
the appropriate saturated rock density, ρ¯ , given by
ρ¯ = ρ+φρf, (4.30)
where, for water, ρf = 1000 kg/m3.
The first conclusion that can be reached from the results obtained for Vosges and
Fontainebleau sandstones (Figures 4.11 to 4.13 and 4.14 to 4.16, respectively) is that the
Gassmann model always predicts a much more compliant behaviour than is measured
from ultrasonic velocities. The saturated velocities are underpredicted by Gassmann’s
equations by a large amount that exceeds the uncertainty of the measurements (which,
for the travel-time method, are considered to be less than 3% [Bourbie´ et al., 1987;
Fortin et al., 2007]). This has been observed for many more sets of experimental data on
sandstones, such as those obtained by King [1966], Coyner [1984] (see Section 4.2.2.2),
or King and Marsden [2002], who have also noted that Gassmann’s predictions become
reasonably accurate at high-pressures, which is indeed observed in the present results. Note
that similar such conclusions were also reported for other type of porous rocks, such as
carbonates [Agersborg et al., 2008] or basalt [Adelinet et al., 2010]. In contrast, effective
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Figure 4.14 Predictions for a) the compressional seismic velocity; b) the shear seismic velocity; for
water-saturated Fontainebleau sandstone, according to Gassmann’s equations (using the dry velocity
data, cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data)
as input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted
dry velocities (cf. Figure 4.2) are also shown (data given in Chapter 5).
medium theories do a good job in predicting the saturated elastic behaviour at all pressures,
especially for the Fontainebleau sandstone. In particular, the predictions for Poisson’s ratio
as a function of pressure are also excellent. Another remarkable result is that the quality of
the fits are only very weakly dependent on the choice of the effective medium theory.
Effective medium models often assume that the effective bulk modulus of a solid
with saturated thin cracks is equal to solid’s bulk modulus [Budiansky and O’Connell,
1976; Henyey and Pomphrey, 1982]. For the sandstones considered here, this implies
that the effect of the fluid on saturated bulk modulus only comes from the presence of
the stiff, “equant” pores, and that this effect should not depend on pressure. Although
this assumption for predicting the elastic behaviour of saturated cracked rocks was not
used in the present model, the predictions indeed show a very weak pressure dependence
of saturated bulk modulus, with reasonably good agreement with the data. In contrast,
Gassmann’s predictions for saturated bulk modulus fail at low pressures, but interestingly,
as the pressure increases and cracks successively close up, they become very close to
the predictions of effective medium theories. This observation is in agreement with the
theoretical results obtained in Section 3.2.3.
The case of the shear modulus is even more interesting. It has long been observed on
some sandstones that the saturated shear wave velocity can be higher than the dry shear
velocity [King, 1966; Coyner, 1984]. This happens especially at low pressures, and can
then be attributed to the presence of open cracks, as in general there is a crossover at
intermediate pressures (see Figures 4.12b and, above all, Figure 4.15b) where the saturated
shear velocity again becomes lower than the dry shear velocity. The Gassmann model
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Figure 4.15 Predictions for a) the effective bulk modulus; b) the effective shear modulus; for water-
saturated Fontainebleau sandstone, according to Gassmann’s equations (using the dry velocity data,
cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data) as
input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry
moduli are also shown (data given in Chapter 5).
assumes that the pore fluid has no effect on the shear modulus (see equation (3.79)); since
saturated rocks are always denser than dry rocks, the density effect causes the saturated
shear velocity predicted by the Gassmann model to be always lower than the dry shear
velocity. It can clearly be seen that the results predicted by the Gassmann model for the
saturated shear velocity are in contradiction with the experimental data (see Figures 4.12b
and 4.15b). In contrast, the new spheroidal pore model is able to predict that, at low pres-
sures, the presence of open cracks results in a considerably higher effective shear modulus
for a fluid-saturated rock than for a dry rock, providing that the frequency of the wave (and,
then, of stress perturbations) is sufficiently high to prevent any fluid from leaving the pores.
Moreover, it is also observed that the important difference between the Gassmann model
and the effective medium theories in predicting saturated shear modulus at low pressures
becomes very small at high pressures, when the rock body is only left with nearly spherical
pores (see, in particular, the case of Fontainebleau sandstone (Figure 4.15b) which has
the highest values of αhp, see Table 4.2). All such results are again consistent with the
theoretical discussions given in the two previous chapters, in Sections 2.2.1, 3.2.2 and 3.2.3.
Additional evidence that the elastic behaviour of fluid-saturated rocks during ultrasonic
measurements is better predicted by effective medium theories than by the Gassmann
equations can be obtained by estimating the critical frequency for fluid flow between
pores (equation (4.23)) for the Vosges and Fontainebleau sandstones, whose measured
permeabilities are 20 mD [Fortin et al., 2007] and 0.1 mD (see Chapter 5), respectively.
Using the inferred aspect ratios of 1.0× 10−3 and 0.2× 10−3 (see Figures 4.3a and 4.4a,
respectively), a viscosity η = 10−3 (for water), and the values of K0 given in Table 4.2,
one obtains fc = 40 kHz for the Vosges sandstone and fc = 300 Hz for the Fontainebleau
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Figure 4.16 Predictions for the effective Poisson’s ratio for water-saturated Fontainebleau sand-
stone, according to Gassmann’s equations (using the dry velocity data, cf. Section 4.2.1.1), or al-
ternatively using the aspect ratio distributions (inverted from dry data) as input in effective medium
schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry Poisson’s ratio is also
shown (data given in Chapter 5).
sandstone. It is therefore reasonable to assume that, during ultrasonic measurements (at a
frequency f ∼ 1 MHz), the fluid is trapped in the individual pores. This might not be true
for wave velocities measurements methods that are used at intermediate to low frequencies,
such as in field logging, or seismology. Effective medium theories, however, will always
predict an upper bound for the elastic moduli.
This pore structure model has been tested against many other sets of experimental data on
sandstones (see Section 4.2.2.2). The model is able to invert most sets of dry data, using an
exponential distribution of crack aspect ratios, and only one aspect ratio for the non-closable
pores. Nevertheless, the predictions for ultrasonic saturated velocities obtained using an
effective medium theory, although better than those obtained using the Gassmann equations,
are not always sufficiently accurate. From a theoretical point of view, the intrinsic limits of
using a spheroidal model for pores in sandstones seem to be reached. More precisely, it has
been observed that the lack of accuracy in the predictions is always mostly due to a misfit
in the saturated bulk modulus K¯: on the one hand, the use of one aspect ratio is sometimes
inaccurate in predicting the high-pressure data; on the other hand, as noted before, the
lack of pressure dependence of K¯ is in disagreement with the data. From an experimental
point of view, it is well known that ultrasonic measurements are much more accurate in
predicting relative evolution of velocities with pressure than absolute values [Fortin et al.,
2007]. The model is also very sensitive to parameters such as fluid compressibility and,
above all, the bulk and shear moduli of the minerals (K0,G0), which are often not very well
constrained by the experiments. For instance, the values given in Coyner [1984] for K0
measured by unjacketed tests sometimes lie outside of the Voigt-Reuss bounds calculated
from the mineralogical composition.
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Figure 4.17 Predictions for a) the compressional seismic velocity; b) the shear seismic velocity;
for benzene-saturated Navajo sandstone, according to Gassmann’s equations (using the dry velocity
data, cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data)
as input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted
dry velocities (cf. Figure 4.5) are also shown (data after Coyner [1984]).
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Figure 4.18 Predictions for a) the effective bulk modulus; b) the effective shear modulus; for
benzene-saturated Navajo sandstone, according to Gassmann’s equations (using the dry velocity
data, cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data)
as input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted
dry moduli are also shown (data after Coyner [1984]).
4.2.2.2 Navajo, Weber and Kayenta sandstones
P and S-wave velocities were also measured by Coyner [1984] during hydrostatic tests on
Navajo, Weber and Kayenta sandstones, saturated with benzene (K f = 1.21 GPa, ρf = 880
kg/m3), at a constant pore pressure Pp = 10 MPa. For the three sandstones, predictions for
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Figure 4.19 Predictions for the effective Poisson’s ratio for benzene-saturated Navajo sandstone,
according to Gassmann’s equations (using the dry velocity data, cf. Section 4.2.1.1), or alternatively
using the aspect ratio distributions (inverted from dry data) as input in effective medium schemes
(Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry Poisson’s ratio is also shown (data
after Coyner [1984]).
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Figure 4.20 Predictions for a) the compressional seismic velocity; b) the shear seismic velocity;
for benzene-saturated Weber sandstone, according to Gassmann’s equations (using the dry velocity
data, cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data)
as input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted
dry velocities (cf. Figure 4.7) are also shown (data after Coyner [1984]).
saturated P and S-wave velocities, bulk and shear moduli, and Poisson’s ratio (according to
the Mori-Tanaka and Differential schemes), are shown in Figures 4.17 to 4.25.
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Figure 4.21 Predictions for a) the effective bulk modulus; b) the effective shear modulus; for
benzene-saturated Weber sandstone, according to Gassmann’s equations (using the dry velocity data,
cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data) as
input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry
moduli are also shown (data after Coyner [1984]).
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Figure 4.22 Predictions for the effective Poisson’s ratio for benzene-saturated Weber sandstone,
according to Gassmann’s equations (using the dry velocity data, cf. Section 4.2.1.1), or alternatively
using the aspect ratio distributions (inverted from dry data) as input in effective medium schemes
(Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry Poisson’s ratio is also shown (data
after Coyner [1984]).
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Figure 4.23 Predictions for a) the compressional seismic velocity; b) the shear seismic velocity; for
benzene-saturated Kayenta sandstone, according to Gassmann’s equations (using the dry velocity
data, cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data)
as input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted
dry velocities (cf. Figure 4.9) are also shown (data after Coyner [1984]).
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Figure 4.24 Predictions for a) the effective bulk modulus; b) the effective shear modulus; for
benzene-saturated Kayenta sandstone, according to Gassmann’s equations (using the dry velocity
data, cf. Section 4.2.1.1), or alternatively using the aspect ratio distributions (inverted from dry data)
as input in effective medium schemes (Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted
dry moduli are also shown (data after Coyner [1984]).
101
4 Effect of stress on elastic wave velocities
P
oi
ss
on
’s
 ra
tio
Differential pressure (MPa)
Kayenta sandstone (φ = 22.2%)
DRY and BENZENE saturated tests
0 10 20 30 40 50 60 70
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
inversion, DRY (Mori-Tanaka)
inversion, DRY (Differential)
experimental data, DRY
experimental data, WET
prediction, WET (Mori-Tanaka)
prediction, WET (Differential)
prediction, WET (Gassmann)
Figure 4.25 Predictions for the effective Poisson’s ratio for benzene-saturated Kayenta sandstone,
according to Gassmann’s equations (using the dry velocity data, cf. Section 4.2.1.1), or alternatively
using the aspect ratio distributions (inverted from dry data) as input in effective medium schemes
(Mori-Tanaka, Differential, cf. Section 4.2.1.2). The inverted dry Poisson’s ratio is also shown (data
after Coyner [1984]).
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The results obtained in the previous chapter have shown that, during the passing of an
ultrasonic “high-frequency” wave, it is realistic to think that fluid-saturated rocks behave
as if the various pores were isolated with regards to fluid flow. The observed overall
elastic behaviour is significantly stiffer than the one expected from Gassmann’s relations of
poroelasticity, which assume pores are connected and in local pore pressure equilibrium.
It is well-known that elastic velocities in fluid-saturated rocks are frequency-dependent.
The elastic behaviour observed in the laboratory at “high-frequencies” (MHz) does not
necessarily hold at intermediate to low frequencies, such as those used in the field, e.g.,
in exploration geophysics (typically: 1-10 kHz for sonic logging, 10-100 Hz for reservoir
monitoring) or in seismology (typically around 1 Hz or less), which involve very different
wavelengths. Three main frequency regimes can be defined, depending on the ability of the
fluid to move from pore to pore at the passing of a wave. The stiffest elastic behaviour is
expected at high frequencies, where the fluid present in the pores behaves as if the pores
were totally isolated or, in different terms, as if they were individually undrained with
regards to fluid flow. An intermediate situation, where pores are connected and in local pore
pressure equilibrium, corresponds to the undrained behaviour in the sense of poroelasticity,
following the Gassmann model. Finally, the most compliant elastic behaviour is expected to
occur at very low frequencies, where pore pressures have sufficient time to fully equilibrate
and are, therefore, not affected by the seismic wave. According to poroelasticity, in such a
drained regime, the rock should behave as if it was dry†. No velocity dispersion is therefore
expected for dry rocks.
Hence, a better understanding of the frequency-dependence of elastic moduli in the
laboratory is required in order to be able to extrapolate laboratory data to field data. For
instance, Sams et al. [1997] have obtained measurements of seismic velocities, as well
as attenuation, using a combination of vertical seismic profiles, cross-hole seismic, sonic
logs and ultrasonic measurements from four boreholes, but their techniques use different
amplitudes, resolutions and scales that make a direct comparison difficult. So far, most
laboratory measurements have been traditionally limited to static (zero frequency limit) and
†it is recalled that poroelasticity theory ignores chemical interactions between the fluid and the grains.
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ultrasonic (high-frequency) measurements (cf. Chapter 4). Between these two frequencies,
very few sets of experimental velocity data are available, as such data are difficult to obtain.
The reason why ultrasonic measurements are limited to a very narrow frequency range
(around the MHz) is linked to wavelength considerations. For a wave travelling at a typical
speed of a few kilometers per second, at a frequency in the MHz range, the wavelength is
of a few millimeters, which is the usual diameter of the wave transducers that are glued
on rock samples. If the frequency of the ultrasonic pulse was decreased, the wavelength
would become too large for the wave signal to be captured by the transducers; moreover,
resonant effects in the rock sample would start to occur. If the pulse frequency was too
high, the wave signal would be inevitably modified by non-desirable scattering effects on
microinhomogeneities.
A comprehensive review of available experimental techniques that have attempted to
measure elastic velocities (and attenuation) between static and ultrasonic frequencies
can be found in Bourbie´ et al. [1987] and, more recently, in Batzle et al. [2006]. The
stress-strain method is certainly one such technique that has recently been the subject of
many experimental efforts. Rock samples, placed in a triaxial apparatus, are subjected
to forced oscillations. Elastic moduli and attenuation, as function of frequency, are
respectively extracted from the ratio and the phase shift of measured stress and strain
on a rock sample. The stress-strain technique requires vibrating systems and sensitive
measurements at low strain to avoid inelasticity effects. The first such attempts seem to
have been made by Spencer [1981], who measured the complex Young’s modulus over the
range 4 to 400 Hz on various rock samples (vacuum dry, and saturated with various fluids),
at small strains (as low as 10−7). Vibrations were generated using an electromechanical
shaker placed under the bottom end plate; stress and strain were measured using sensitive
force and displacement transducers. However, electrochemical interactions between the
pore fluid and the solid grains, which are out of the scope of the present work, were
shown to account predominantly for the frequency-dependence of velocities on the Navajo
sandstone sample. Measurements of shear modulus and attenuation on calcite were later
obtained under pressure (25-300 MPa) by Jackson and Paterson [1987], over the range
0.01-0.3 Hz, using torsional oscillations. A set of capacitance displacement transducers
was used to measure the shear strains, on both the rock sample and a steel reference
material placed next to the rock sample, the latter strain being then directly converted
to a shear stress. Nevertheless, it is hard to clearly interpret their results in the present
context of the “low pressure field”, i.e., in the pressure ranges where rocks exhibit purely
elastic behaviour. Nowadays, their equipment is being modified to allow for promising
both torsional and flexural oscillation measurements [Jackson et al., 2011]. A complete
set of elastic moduli (Young’s modulus and Poisson’s ratio) was recently measured on a
dry and glycerin-saturated sandstone by Batzle et al. [2001, 2006], at zero pressure, over
the range 5 to 2500 Hz. Semiconducting strain gauges, glued on the rock sample, allowed
for small strains measurements, the local stress being again given by the measured strain
on a aluminium standard. Ultrasonic velocities were also measured on the same sample,
and compared with the velocities calculated from measurements of Young’s modulus and
Poisson’s ratio at lower frequencies. Note that similar measurements were obtained by
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Adam et al. [2006] and Adam and Batzle [2008] on dry and brine-saturated carbonates,
at 100 Hz, under pressure (0-30 MPa). The results of Batzle et al. [2006] show a clear
increase of both compressional and shear saturated velocities with frequency in the seismic
frequency range (consistent with attenuation values). The highest saturated velocities are
measured at ultrasonic frequencies, whereas the dry velocities remain almost unchanged
with frequency, as expected. Low-frequency measurements for the bulk modulus (0.01-0.1
Hz) were first obtained by Adelinet et al. [2010] on a dry and then water-saturated Icelandic
basalt, over the pressure range 0-190 MPa. Oscillations of the confining pressure were
controlled by a hydraulic pump. Strains gauges, directly glued on the sample, were used
for strain measurements. Simultaneous measurements of ultrasonic velocities were taken.
Their results show that the low-frequency saturated bulk modulus, which was assumed
to be the drained modulus, is significantly lower than the high-frequency saturated bulk
modulus. However, there is a non-negligible mismatch between the low-frequency dry
moduli, the high-frequency dry moduli, and the saturated drained moduli, which should be,
in principle, all equal each other.
Despite considerable research efforts, it seems that there is still a severe lack of experi-
mental data on frequency-dependence of elastic waves in the laboratory, especially under
pressure. Most past works have measured only one elastic modulus, have been limited to
a narrow frequency range, or have only used one pore fluid. Moreover, sandstones remain
poorly studied. The main objective of the experimental work reported in this chapter is to
measure a set of elastic constants over a range of frequencies as large as possible, under
pressure, and using different pore fluids.
A series of experiments was carried on two hydrostatically stressed Fontainebleau
sandstone samples, having porosities of 13% and 4%, using a triaxial apparatus. The
samples were successively saturated with argon, glycerin, and water, maintained at a
constant pore pressure of 5 MPa. Deformation, ultrasonic P and S velocities (1 MHz), and
permeability were recorded as functions of hydrostatic pressure (up to 95 MPa), as well as
low-frequency values for bulk modulus (0.02-0.1 Hz), which were obtained by oscillating
the confining pressure following the method already tested by Adelinet et al. [2010].
At a confining pressure of 10 MPa, on the 4% Fontainebleau sandstone, a new oscilla-
tion technique was devised by placing a piezoactuator above the top end cap to produce
small axial stress oscillations. Very sensitive semiconducting strain gauges glued on both
the rock sample and an aluminium standard, placed next to the rock sample, allowed for
measurements of Young’s modulus and Poisson’s ratio as a function of frequency, over the
complete range 0.001 to 300 Hz, and for the three saturating fluids. The reliability of these
new results is discussed in Section 5.2.4.
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5.1 Experimental set-up and methods
5.1.1 Sample description and preparation
Fontainebleau sandstone is an Oligocene arenite found in the region of Ile de France
near Paris, formed a pure quartz grains that are well sorted and have an almost constant
grain size of around 250 µm [Bourbie´ et al., 1987]. It is purely isotropic and presents an
exceptionally wide variation of porosities, comprised between 2 and 30%. Fontainebleau
sandstone has also the advantage of having been widely studied in the literature, e.g., for
mechanical properties [Bourbie´ and Zinszner, 1985; Song and Renner, 2008], as well as
transport properties [Bourbie´ and Zinszner, 1985; Fredrich et al., 1993; Song and Renner,
2008; Dautriat et al., 2009]. Thin-sections, micrographs and pore structure characterization
of Fontainebleau sandstone can be found in Bourbie´ et al. [1987], David et al. [1993],
Fredrich et al. [1993] and Song and Renner [2008], among others.
Two cylindrical specimens of Fontainebleau sandstone, of 40 mm in both diameter
and length, were respectively cored from two blocks of Fontainebleau sandstone, having
porosities of approximately 13% and 4%, and rectified to ensure perfect parallelism of
the two ends surfaces, with a precision of ±10µm. The 4% porosity specimen was then
heat-treated at a temperature of 500◦C for 24 hours, after which it was directly cooled
to room temperature. Such a procedure is well known to induce thermal cracking [Darot
et al., 1992].
Physical properties of the two Fontainebleau sandstone specimens are summarised in
Table 5.1. Porosities and grain and bulk densities were measured using triple weighting
porosimetry. This method consists of successively measuring the mass of an oven-dry
(60◦C during 4 hours), water-saturated (vacuum-dry and then saturated with distilled water
during one hour), and immersed sample. Contrary to other methods, such as simple or
double weighting, triple weighting is very accurate, as measurements are free from grain
density or sample volume measurements. Evidence of the accuracy of the measurements
can be found when observing the obtained values for the grain densities (given in Table
5.1 for the two samples) that are both extremely close to the common value of quartz
density (2650 kg/m3) given by Mavko et al. [2009], as expected. Water permeabilities
were measured in the triaxial apparatus during the water-saturated pressurization cycle (cf.
Section 5.1.8), using the pore pressure volumetric pumps (see Section 5.1.5). The values
given in Table 5.1 are the ones that were taken at a confining pressure Pc = 10 MPa, and a
pore pressure Pp = 5 MPa. Zero pressure permeabilities values of the two samples have not
been measured, but should be close to the values given in Table 5.1, as the permeabilities of
both samples are almost independent of pressure (see Section 5.2.2). Moreover, the values
given in Table 5.1 are consistent with the porosity-permeability relations for Fontainebleau
sandstone found by Bourbie´ and Zinszner [1985] over a wide range of porosities. The
initial (open air) velocities given in Table 5.1 were measured at room temperature, on the
oven-dried samples, using two pairs of ultrasonic SOFRANEL P and S-wave transducers
(cf. Section 5.1.4).
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Table 5.1 Physical properties of the two Fontainebleau sandstone samples used in the experiments
porosity grain den-
sity (kg/m3)
bulk density
(kg/m3)
water per-
meability
(mD)
initial Vp
(dry) (m/s)
initial Vs
(dry) (m/s)
0.128 2647 2309 190 3997 2803
0.043† 2642† 2530† 0.1 5278 3620
† measured after heat treatment. Grain densities and porosities measured by triple weighting before heat treat-
ment, on a sample coming from the same block as the heat-treated 4% sample, were 2642 kg/m3 and 0.038,
respectively.
Pore size distributions were obtained using a mercury porosimeter (Autopore IV 9500
V1.07 Micromeritics Instrumentation). Note that such measurements are model-dependent,
as the pore entry radius is derived from the intrusion pressure using Jurin’s formula, which
is implicitly based on the assumption that the pore medium is formed of a collection of
cylindrical tubes having different radii. Thus, the obtained pore size distributions, which
are shown in Figure 5.1b for the two Fontainebleau sandstone samples, should rather
be seen as a pore threshold distribution [Dullien, 1992]. The values of mean pore entry
diameter increase from 7 µm for the 4% porosity sample to 30 µm for the 13% porosity
sample, and are consistent with the trends and values of the mercure porosimetry diagrams
obtained by Bourbie´ and Zinszner [1985], although the 4% sample has the particularity
of having undergone thermal treatment. Nevertheless, it is likely that the effect of such
treatment is not to modify the main pore entry diameter, but rather to create a population of
thermal cracks having much smaller pore entry diameters. The seeming bimodal character
of the pore size distribution for the 4% sample supports this interpretation, the value of the
crack entry diameter being of approximately 0.4 µm, which seems plausible. Note that,
for comparison, pore size distributions were also obtained on a 4% sample which was not
heat-treated: although the quality of such dataset is relatively poor, no peak was observed
at low pore entry diameters.
A pair of “normal” strain gauges, as well as a pair of semiconducting strain gauges, were
directly glued onto the sample surface (see Figure 5.2, and Section 5.1.3). The sample was
then air dried at 40◦C for several days prior to the experiment, and jacketed in a perforated
neoprene sleeve, next to an aluminium standard (AU4G, BS 2017A) cylinder having the
same dimensions as the rock sample (40 mm in both diameter and length). The sample
assembly is shown in Figure 5.2. The aluminium specimen (Figure 5.2b), which is also
equipped with a pair of semiconducting strain gauges, is used as a local force gauge during
the microstrain amplitude oscillation tests, as detailed in Section 5.1.7. The reason why
a hole (of 1 cm diameter) was perforated at its centre is simply to allow the pore fluid
to penetrate the jacketed sample assembly, from the top end cap, when the assembly is
placed in the triaxial apparatus. A diffusion platelet of 40 mm diameter and 4 mm height,
perforated with several small holes (Figure 5.2c), is placed between the rock sample and
the aluminium force gauge to ensure that fluid moves homogeneously from the top surface
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Figure 5.1 a) Cumulative mercury intrusion volume as a function of mercury intrusion pressure, for
the 13% and the heat-treated 4% porosity Fontainebleau sandstones samples (experimental data).
b) Pore size distributions, obtained using the derivative of saturation with respect of logarithmic
pressure (rather than linear pressure), so as to characterise the presence of a double porosity (see
Lenormand [2003]). The data were smoothed using a spline function. For the 4% sample, unrealistic
non-zero values of the distribution function at very low and very large pore diameters (0.01 and 200
µm) were removed prior to data smoothing.
of the rock sample. Finally, four piezoelectric transducers were also glued onto the sample
surface, and the assembly was placed in the triaxial apparatus. The subsequent experimental
procedure is described in Section 5.1.8.
5.1.2 Apparatus
Hydrostatic deformation experiments were conducted in an oil medium triaxial apparatus,
whose comprehensive diagrams and descriptions can be found in Fortin et al. [2005, 2007].
The confining pressure is applied by a servo-controlled volumetric pump and is measured
by a pressure transducer with an accuracy of approximately 0.05 MPa. The axial load can
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be independently achieved through an autocompensated axial piston, actuated by a similar
volumetric servo-pump, but was not applied during the hydrostatic experiments, except
for blocking the piezoactuator assembly during measurements of Young’s modulus and
Poisson’s ratio at seismic frequencies under low pressure (cf. Section 5.1.7). Note that
the internal load cell, which is located between the axial piston and the top steel end (cf.
schematic diagram in Fortin et al. [2005]), was removed during the experiments. Thirty-
four electrical wire-outputs, confining oil-proof, allow for simultaneous measurements of
strain and ultrasonic velocities during the tests.
An internal pore pressure can be varied independently of the external confining and axial
pressures by a pair of connected QUIZIX volumetric servo-pumps, which can be controlled
either with respect to pressure, flow, or volume. The accuracy of the pore pressure and pore
volumometry measurements is 0.001 MPa and 0.1 µL, respectively.
5.1.3 Strain measurements
Samples were equipped with one pair of axial and circumferencial strain gauges
(Tokyosokki TML QFCB) (see Figure 5.2). The volumetric strain εv was calculated from
the measured axial and radial strains, which are denoted by as εax and εrad, respectively, as
εv = εax + 2εrad. The accuracy of such local strain measurements, which is close to one
microstrain, is largely sufficient for accurately capturing static deformation data during the
hydrostatic compression tests.
However, the amplitude of the strain variations, during the oscillation tests performed for
measuring dynamic bulk modulus at low frequencies, and Young’s moduli and Poisson’s
ratio at seismic frequencies (see Sections 5.1.6 and 5.1.7, respectively), is usually in the
range 10−7 to 10−6. Hence, samples were also equipped with one axial and one radial
very sensitive semiconducting strain gauge (Kyowa KSP-2-120-E3) (see Figure 5.2).
Semiconducting gauges are able to measure local strains with an accuracy as low as 10−7.
Note that, as mentioned by Batzle et al. [2006], such gauges have the disadvantage that
their very large gauge factor (129) is very sensitive to temperature variations (-0.21%/◦C).
A pair of axial and radial semiconducting strain gauges (KSN-2-120-F3-11) were also
glued onto the aluminium standard surface (see Figure 5.2). These strain gauges are very
similar to the semiconducting gauges equipping the rock sample, except that they come as
a pair and have a slightly different gauge factor of 102 (whose temperature coefficient is
-0.27%/◦C).
Each 120 Ω strain gauge was mounted on a precision one-fourth Wheatstone bridge.
Deformation data could be recorded up to a frequency of 2400 Hz.
5.1.4 Ultrasonic velocity measurements
Active elastic velocity surveys were performed using four ultrasonic radial piezoelectric
transducers (PZTs, lead-zircon-titanium) (one pair of P-wave transducers and one pair of
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Figure 5.2 a) Scheme of the sample assembly for the two Fontainebleau sandstone specimens tested
in the present study. b) Photograph of the aluminium standard perforated cylinder, used as a force
gauge for the small amplitude oscillation tests (cf. Section 5.1.7). c) Photograph of the diffusion
platelet. d) Photograph of the sample assembly prior to jacketing. e) Photograph of the jacketed
sample assembly placed in the triaxial apparatus. All sensors (strain gauges and PZTs) are connected
to the outside through electrical wire-outputs (cf. Section 5.1.2).
S-wave transducers; see Figure 5.2). A detailed description of such transducers can be
found in Brantut et al. [2011] and Ougier-Simonin et al. [2011a].
A 250 V pulse was successively applied in each of the four sensors (at an origin time that
is known), at its central resonant frequency of 1 MHz (risetime of 1 µs), while the received
waveforms are recorded by the other sensors (at a sampling frequency of 50 MHz). The
following data processing procedure is similar to the one detailed in Brantut et al. [2011].
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For each survey, two P-wave arrival times and two S-wave arrival times were automatically
picked using the Insite software (ASC Ltd.). In case of the few events for which automatic
picking was not successful, arrival times were picked manually. Waveforms were then
cross-correlated with reference to a “master survey” (i.e., the best quality survey), which
was chosen to be survey recorded at the highest hydrostatic pressure in the experiments
(see Section 5.1.8). The cross-correlation procedure is well known to significantly reduce
the relative errors of arrival time picking during successive velocity surveys [Brantut et al.,
2011].
To obtain the true time of flight t¯ along the rock sample diameter, the (total) time of
flight tt obtained after cross-correlations was systematically corrected for the time of flight
t0 in the metal-support pieces of the two wave transducers. Thus, t¯ = tt− t0. The time of
flight t0 is distinct for P-wave and S-wave pairs of sensors. For a given pair of sensors, t0
was determined by comparing the measured times of flight obtained using a pair of given
sensors and a pair of SOFRANEL transducers (for which t0 is known), along the radius
of an aluminium standard cylinder. Note that the reason why an aluminium standard was
preferred for such measurements, rather than the rock sample, is the much higher quality of
waveforms.
The true sample diameter d at each hydrostatic pressure stage was simply obtained by
correcting the initial sample diameter di from the deformation data, i.e., d = di (1− εrad).
Average velocities V¯ along the sample diameter are then directly given by V¯ = d/t¯. The
relative error between successive velocities measurements (after cross-correlation) is less
than 0.5%. Absolute velocity values are estimated to be given with less than 2% error.
5.1.5 Permeability measurements
Glycerin and water permeability were measured during the hydrostatic experiments (see
Section 5.1.8) by the constant flow method (cf. Ougier-Simonin et al. [2011b]). The step
preceding a permeability measurement was to ensure that the pressure valve connecting
the two pore pressure pump cylinders was closed, and that a constant confining pressure
was imposed. A first method consisted in imposing a pore pressure gradient between
the top and the bottom of the sample. The steady-state was considered to be attained
when both pump flows were constant and equal, in different terms when the amount of
fluid volume injected by one pump was exactly equal to the amount of fluid removed by
the other pump. A second method consisted in imposing equal flows of opposite signs
and then measuring the steady-state pressure gradient. Steady-state measurements were
then taken during a sufficiently long time (approximately ten minutes). The same series
of operations was repeated for downwards and upwards flow measurements of permeability.
The first method was used for the low permeability, 4% porosity sample. Indeed, in that
case, the measured pump flow was so small that imposing it would have risked exposing
the sample to a sudden pore pressure rise, which was not desired. Moreover, the pressure
gradient was progressively imposed in small steps. Indeed, when measured and imposed
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pore pressures are too far apart, servo-controlled pump flows can be too large and, in turn,
blow up the pore pressure. The second method was preferred for the high permeability,
13% porosity sample, as the imposed pump flow required to obtain significant pore pressure
gradients was close to the maximum flow allowed by the volumetric pump.
The permeability k was simply calculated using Darcy’s law:
k =
QηL
S∆Pp
, (5.1)
where ∆Pp is the difference pressure between upstream and downstream pore pressures
(measured by the two pumps), Q is the volumetric flow, η is the dynamic viscosity of the
fluid, S is the cross-sectional area of the rock sample, and L is the rock sample length. Note
that, as for the sample diameter d (see previous Section 5.1.4), S and L should be corrected
from deformation data. However, considering the experimental values of deformation (see
Section 5.2.1) and the precision of permeability measurements, it was considered that such
small corrections were not necessary. ∆Pp was calculated taking the median of the pressure
gradients during steady-state regime, and Q was evaluated by a linear regression of volume
change with time during steady-state regime (rather than the median of flows). At a given
pressure, k is the arithmetic mean of the two permeabilities measured during upwards and
downwards directions of pore fluid flow; the difference between these two permeabilities
gives the error bar. However, for the case of the glycerin permeability, the error bar also
accounts for the significant change of glycerin viscosity due to room temperature variations,
which were calculated after Batzle et al. [2006] (see results shown in Figure 5.8).
5.1.6 Low-frequency bulk modulus measurements
The pressure control software (Falcon ST Inc.) allows for forced oscillations of the confin-
ing pressure, so that the low-frequency bulk modulus could be obtained from the measured
volumetric strains during such tests. The reasons why confining pressure and strain
measurements were taken, respectively, from the pressure transducer and conventional
strain gauges, rather than from the local force gauge and the sensitive semiconducting
strain gauges, are discussed in Section 5.2.3.
Although a condition of constant pore pressure (Pp = 5 MPa) was imposed while the
confining pressure was oscillating, it is not necessarily implied that the sample behaves
as fully drained during such tests. As the pore space deforms during oscillations, pore
fluid will squish in and out of the sample ends, resulting in pore pressure changes in the
pore fluid circuit that are readjusted as rapidly as allowed by the servo-controlled pump.
However, if the frequency of the vibration is sufficiently high, pressure gradients may exist
locally in the rock sample, regardless of whether a constant pore pressure is imposed (and
measured) at both sample ends. It would be difficult to identify a frequency-dependent
pore fluid relaxation mechanism in the rock sample if undrained conditions were already
externally imposed by stopping the pore pressure pumps, or closing the pore circuit using
a valve as close as possible to the sample, which is the other possibility. In that case, true
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Figure 5.3 Example of experimental data during oscillations of the confining pressure ( f = 0.02
Hz, pump oscillation volume ∆V = 0.5 cc) for measuring bulk modulus, on the water-saturated 13%
porosity Fontainebleau sandstone (Pc = 10 MPa, Pp = 5 MPa). a) Confining pressure and volumetric
deformation as functions of time, for three oscillation cycles. εv was calculated as εv = 3εax (radial
strain data of poorer quality were ignored). b) Data for the second cycle of Figure 5.3a in the stress-
strain space, showing linear fits of the loading and unloading phases of the oscillation cycle.
undrained conditions would not really apply, as the sample would still not be sealed at both
ends. The amount of fluid contained in the aluminium cylinder hole and the portion of
pore circuit pipes located between the sample and the closed valve would not be negligible.
Moreover, according to the configuration of the pore pressure system, no pore pressure
measurements would then be available, as they are taken far apart at the pump cylinder
entry. Hence, although the question of what pore pressure condition should be externally
imposed remains unresolved, the second possibility was excluded.
The forced oscillations system is limited to a maximum frequency of around 0.5 Hz.
Furthermore, smaller amplitudes of oscillations are required as the frequency increases.
Therefore, bulk modulus measurements were obtained at frequencies f = 0.02 Hz (using
pump oscillation volumes ∆V = 2 cc, as well as ∆V = 1 cc and ∆V = 0.5 cc), f = 0.05
Hz (∆V = 1 cc) and f = 0.1 Hz (∆V = 0.5 cc). The amplitudes required for frequencies
higher than 0.1 Hz are too small to be accurately measured by the pressure transducer and
the conventional strain gauges.
The procedure for obtaining the bulk modulus, which is illustrated on one example in Fig-
ure 5.3, is as follows. Measurements of confining pressure and volumetric strain were taken
over a large number of oscillation cycles. Stress-strain measurements were then divided in
individual cycles, as the ouptut signal of the strain gauges was affected by drift and sudden
jumps. The best cycles being manually selected, bulk modulus was calculated in the stress-
strain space during both loading and unloading portions of each individual cycle, to verify
the absence of hysteresis. Indeed, oscillation tests were performed at amplitudes as low
as possible to avoid inelastic behaviour, and more precisely non-linearity caused by crack
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Figure 5.4 a) Scheme of the piezoactuator assembly utilised for producing small axial stress oscil-
lations in the seismic range. The assembly was jacketed before being placed in the triaxial cell. b)
Photograph of the piezoactuator (in red, in the middle of the column). c) Photograph of the jacketed
piezoactuator assembly. Two clamping rings are used at the bottom and the top of the assembly to
ensure the jacket is oil-proof at its ends. A steel screw was used to ﬁx the top of the assembly to the
axial piston.
closure and opening. Winkler et al. [1979] and Nur and Murphy [1981] measured wave
velocities on sandstones in extension and shear, respectively, at small strain amplitudes in
the deformation range 10−7 to 10−5, using the resonant bar technique. They concluded
that wave velocities remain independent of deformation lower than 10−6. Finally, the bulk
modulus is calculated as the median of bulk moduli calculated for individual cycles. The
absolute median deviation gives the error.
5.1.7 Seismic frequency Young’s modulus and Poisson’s ratio measurements
A piezoactuator assembly, consisting of a P-050.20 PICATM stack piezoactuator between
two steel ends (Figure 5.4), was placed under the axial piston and above the top end cap in
the triaxial apparatus, in the position formerly occupied by the internal load cell (cf. Section
5.1.2). More precisely, the assembly was ﬁxed to the axial piston by a steel screw (Figure
5.4c). As the assembly is located inside the conﬁning pressure cell, the ﬁrst experimental
difﬁculty to overcome was to ensure that the piezoactuator was not in direct contact with
the pressurised conﬁning oil. Since the diameters of the axial piston, the piezoactuator, and
the top end cap are all different, the piezoactuator was surrounded between two identical
steel ends, and the assembly was jacketed in a neoprene sleeve. The second experimental
difﬁculty was to obtain a good electrical connection of the piezoactuator assembly with
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a continuous triggering 400 V amplified frequency generator (n.b. the same generator as
used for ultrasonic measurements), located outside the triaxial cell. A coaxial wire was
allowed through the perforated jacket, and two layers of soft glue were then applied to
ensure sealing.
It should be noted that the pressure control software, as for the confining pressure,
also allows for oscillating the axial piston load. However, such attempts are first severely
limited to very low oscillation frequencies, and to relatively high amplitudes, by the internal
friction of the piston. Moreover, the confining pressure is in turn strongly modified by the
movement of the piston in the oil-medium confining chamber, and cannot be accurately
regulated as constant during the oscillation tests. Hence, this technique was discarded.
The piezoactuator is able to deliver oscillations of the axial stress of a few kPa, up to
a frequency of 1 kHz. It can support a maximum axial blocking force of 48 kN, which
on the 50 mm diameter piezoactuator is equivalent to an axial stress of roughly 25 MPa.
No information on the ability of the piezoactuator to work under radial confinement was
a priori available. Hence, it was assumed that the piezoactuator could be used up to a
maximum confining pressure of 20 MPa. The procedure for placing and removing the
piezoactuator assembly between the “high-pressure” hydrostatic cycles is explained in
Section 5.1.8.
In addition to the imposed constant hydrostatic stress, a constant axial force was applied
by the axial piston to ensure good mechanical coupling of the vertical column piston -
piezoactuator assembly - top end cap - sample. Such blocking axial stress was kept to the
minimum value required for moving down the piston (i.e., overcoming its internal friction).
Given that the resolved deviatoric stress experienced by the sample is small (1.2 MPa), it
is still reasonable to assume that hydrostatic conditions apply during vibration tests. Note
that a constant pore pressure Pp = 5 MPa was imposed during the oscillations tests for the
same reasons as explained in Section 5.1.6.
Measurements of axial and radial strains, on both the rock sample and the aluminium
force gauge, were taken using semiconducting strain gauges, during a large number of si-
nusoidal oscillations of the axial stress. The reason why the frequency of the oscillations
was limited to a maximum of 300 Hz is the speed of the data acquisition system (cf. Section
5.1.3). Note that a small decrease of the oscillation amplitude was observed when increas-
ing the frequency. Given that axial stress oscillations were superimposed on a hydrostatic
state of stress, the rock Young’s modulus and Poisson’s ratio of the rock could be directly
measured during such tests. The imposed oscillation of the axial stress σax(t), as function
of time t, can be written in the form
σax(t) = A0 sin(2pi f t+φ0) , (5.2)
and the measured oscillations of the axial and radial rock strains can be similarly written as
εax(t) = A1 sin(2pi f t+φ1) , (5.3)
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Figure 5.5 Example of experimental data (corrected of their moving average) during oscillations
of the axial stress ( f = 10 Hz) for measuring Young’s modulus and Poisson’s ratio on the glycerin-
saturated 4% porosity Fontainebleau sandstone (Pc = 10 MPa, Pp = 5 MPa). a) Experimental data
points (crosses) and sinusoidal curve fits (full lines, equations (5.2), (5.3), and (5.4)) for aluminium
axial strain, rock axial strain and rock radial strain as functions of time), during two cycles. Re-
gression coefficients for the three fits are R2 = 0.995, R2 = 0.998 and R2 = 0.980, respectively. The
axial stress is directly given from the axial strain measured on the aluminium force gauge by equa-
tion (5.5). b) Experimental data in the stress-strain space, for a large number of cycles, showing an
attenuation loop.
εrad(t) = A2 sin(2pi f t+φ2) , (5.4)
where (A0,A1,A2) and (φ0,φ1,φ2) are the amplitudes and phase shifts of axial stress, ax-
ial strain, and radial strain, respectively. The aluminium is used as a force gauge, hence
the axial stress in equation (5.2) is directly obtained from the aluminium axial strain, εAl,
measured by the semiconducting gauge:
σax = EAlεAl, (5.5)
where EAl is the Young’s modulus of the aluminium standard. The typical amplitude of
the axial strains measured on the aluminium standard the and rock sample is around 10−6
(radial rock strains as low as 10−7 were measured) (see Figure 5.5). Such strains are out of
the range of accuracy of conventional strain gauges, therefore the use of semiconducting
strain gauges was required during the axial oscillation tests.
Note that the elastic properties of the aluminium standard were calculated from ultrasonic
P and S-wave velocity measurements (using a density given by the manufacturer), using
two pairs of SOFRANEL transducers (see Section 5.1.4). The obtained values for Young’s
modulus and Poisson’s ratio (EAl = 78.1 GPa and νAl = 0.33, respectively) are very close
to those obtained from complementary static uniaxial tests, as well as those given in the
literature.
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The Young’s modulus, E, and Poisson’s ratio, ν , of the rock are thus respectively given
by
E =
A0
A1
, (5.6)
ν =−A2
A1
. (5.7)
From the phase shift difference between axial stress and axial strain, the attenuation factor
for the Young’s modulus, Q−1E , is calculated as
Q−1E = tan(|φ1−φ0|) . (5.8)
Note that, as suggested by Bourbie´ and Zinszner [1985], E and Q−1E could also be calculated
from the mean slope and mean dissipated energy per cycle (directly related to the attenuation
loop surface) in the axial stress - axial strain space (see the example shown in Figure 5.5b),
or ν could be obtained from the mean slope in the axial strain - radial strain space. The data
processing procedure is illustrated on one example in Figure 5.5. Aluminium axial strain
(converted to axial stress), rock axial and radial strains were fitted by equations (5.2), (5.3),
and (5.4), respectively. Note that, prior to fitting, the moving average was subtracted from
all signals to remove undesired background strain gauge drifts.
5.1.8 Procedure
A series of three drained hydrostatic cycles (argon, glycerin and then water-saturated)
were carried out on each Fontainebleau sandstone jacketed specimen, up to a confining
pressure of 95 MPa, and at the same constant pore pressure of 5 MPa. Physical properties
of the three pore fluids are summarised in Table 5.2. The first hydrostatic cycle, where
samples are saturated with argon gas, is completely equivalent to a dry cycle. In addition to
water, glycerin was also selected as a pore fluid for both theoretical and technical reasons.
The effect of the wave frequency on elastic velocities, which is related to the ability of the
pore fluid to move within the pore space, is strongly dependent on the fluid viscosity (cf.
equation (4.23), and Chapter 6). As the viscosity of glycerin is three orders of magnitude
higher than that of water, it is expected that the chance of observing different frequency
regimes is greater if both glycerin and water are successively used as pore fluids. Moreover,
glycerin can be rinsed by water, and so the same sample can therefore be used in the
series of hydrostatic cycles. It should be noted that after such rinsing procedure (see next
paragraph), water will still contain a small concentration of glycerin. The reason why
glycerin was then used secondly, and water thirdly, and not the contrary, is simple: the
viscosity of a solution of pure glycerin decreases drastically with the addition of even a
very small amount of water, whereas the viscosity of water remains unchanged with the
addition of non-negligible concentrations of glycerin.
During each hydrostatic cycle, confining pressure was first increased to 10 MPa. Pore
fluid saturation was then initiated from the bottom of the sample only, the top pore fluid
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Table 5.2 Physical properties of the pore fluids used in the experiments (at atmospheric pressure
(0.1 MPa) and room temperature (20◦C)
pore fluid density (kg/m3) bulk modulus
(GPa)
viscosity (Pa s)
argon (gas) 1.6† 1.0×10−4† 2.3×10−5
glycerin 1260 4.35 0.82
water 1000 2.15 1.0×10−3
† calculated from the ideal gas law.
inlet being connected to the pore pressure pump only after the pore fluid comes out of
it. Pore pressure was raised to 5 MPa and held constant for approximately twelve hours
(at least) to ensure complete saturation of the pore space. Confining pressure was then
increased in step of 5 MPa, at a controlled rate of 0.01 MPa/s, and kept constant for at
least fifteen minutes after the stress plateau was reached to ensure a complete “relaxation”
[Fortin et al., 2007] (relaxation of visco-elastic type, e.g., fluid drainage, as well as grain
and pore space deformation). During each step of the hydrostatic loading, including the
initial step (at Pc = 10 MPa and Pp = 5 MPa), ultrasonic velocities, permeability (only
glycerin and water permeability) and low-frequency bulk modulus were successively
measured following the methods described in Sections 5.1.4, 5.1.5 and 5.1.6, respectively.
The maximum confining pressure is 95 MPa, which should be sufficient to close all
cracks, but not too high, so as to ensure that the rock sample remains in the purely elastic
regime. Samples were unloaded at a constant stress rate of 0.03 MPa/s. Deformation was
continuously recorded during both loading and unloading phases.
On the 4% Fontainebleau sandstone, Young’s modulus, attenuation for Young’s modu-
lus, and Poisson’s ratio were measured over the complete range 0.001-300 Hz (see Section
5.1.7), for each pore fluid, and at confining pressure Pc = 10 MPa. As the piezoactuator
assembly is only able to support relatively low pressures and needs to be removed from
the triaxial apparatus during the “high-pressure” hydrostatic cycles, it was installed fol-
lowing a procedure carefully chosen to minimise the number of times the triaxial cell is
reopened. This experimental strategy is worth explaining briefly. First, the 4% sample was
saturated with argon and subjected to a high-pressure hydrostatic cycle up to Pc = 95 MPa
(cf. previous paragraph). The triaxial cell was then reopened (at Pc = Pp = 0) to install the
piezoactuator assembly, and the sample was again brought to Pc = 10 MPa and Pp = 5 MPa
as, again, described in last paragraph. Measurements of E, QE and ν at seismic frequency
were then taken. The sample was then brought to Pc = 10 MPa and Pp = 0, saturated with
glycerin, and measurements of E, QE and ν were taken after pore pressure was again in-
creased to Pp = 5 MPa. The sample was then unloaded to Pc = Pp = 0, and the piezoactuator
was removed from the apparatus. The high-pressure hydrostatic cycles with glycerin and
then water were later carried, and eventually the triaxial cell was reopened once more to
install the piezoactuator and take measurements of E, QE and ν under water saturation at
Pc = 10 MPa and Pp = 5 MPa.
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Figure 5.6 Volumetric deformation as function of confining pressure, for the three complete hydro-
static cycles. Volumetric deformation was calculated as εv = εax + 2εrad, using the pair of conven-
tional strain gauges. a) 13% porosity Fontainebleau sandstone sample. b) 4% porosity Fontainebleau
sandstone sample.
5.2 Results and discussion
5.2.1 Mechanical data
The static stress-strain behaviour remains similar during the three successive hydrostatic
cycles, for both the 13% Fontainebleau sandstone sample (Figure 5.6a) and the 4%
Fontainebleau sandstone sample (Figure 5.6b), with negligible hysteresis. The significant
drift observed for the 4% porosity sample during the loading phase of the dry cycle is
probably an artefact, related to the first application of hydrostatic pressure, as this is no
longer observed during unloading and during the two subsequent hydrostatic cycles. The
pressure dependence of the tangent static bulk modulus, which is simply the local slope
of stress-strain curve, is consistent with the behaviour of bulk modulus observed from dry
ultrasonic velocity data. It can be assumed that any deviation from elastic linear behaviour
is directly related to crack closure, therefore the “initial” crack porosity (at a differential
pressure of 5 MPa) can be estimated if the linear portion of the stress-strain curve, as
observed at high pressures (whose slope then represents the static bulk modulus of the
“matrix” formed by the minerals and the non-closable pores), is extended to intersect
the deformation axis. Thus, for the 13% and 4% samples, crack porosity is estimated to
be 0.06% (using the glycerin-saturated cycle data) and 0.01% (using the water-saturated
cycle data), respectively. It is worth remembering that in Chapter 4, for the 4% sample,
the initial crack porosity φ ic (at zero pressure), obtained by inverting the aspect ratio
distribution, was estimated to be 0.016% (see Figure 4.4b). This is further evidence that the
ability of the pore structure model to fit velocity data for sandstones is not merely fortuitous.
Similar pressure and pore fluid dependence are remarkably well observed for P and
S-wave ultrasonic velocity measurements, on both the 13% porosity specimen (Figure 5.7a
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Figure 5.7 Ultrasonic velocity measurements for the dry, glycerin and water-saturated
Fontainebleau sandstone samples, as function of (Pc−Pp), differential pressure. a) P-wave velocity,
13% porosity sample. b) P-wave velocity, 4% porosity sample. c) S-wave velocity, 13% porosity
sample. d) S-wave velocity, 4% porosity sample.
and 5.7b), and the 4% porosity specimen (Figure 5.7a and 5.7b), except that both P and S
velocities take substantially higher values in the less porous 4% sandstone, as expected.
Note that, on the 4% specimen, both Vp and Vs were obtained by averaging, respectively, the
two P and S wave velocities picked by using successively each transducer as both a pulser
and a receiver (see Section 5.1.4), whereas for the 13% specimen, the received waveform
signals, for both P and S-wave sensors, were of sufficient quality on only one transducer
of a given pair. Experimental values for P and S-wave velocities are consistent with
previously published values on Fontainebleau sandstone samples having similar porosities
(see Bourbie´ and Zinszner [1985] and Song and Renner [2008], among others). Note that
no hysteresis was observed on the velocities, as was the case for static deformation.
Both P and S-wave velocities reach a plateau at high-pressures as cracks gradually close
up. Vp and Vs are very sensitive to changes in the pore fluid bulk modulus (see physical
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Fontainebleau sandstones.
properties of pore fluids given in Table 5.2). When the bulk modulus of the pore fluid
increases, Vp take higher values but, also, less pressure dependence is observed. In contrast,
an increase in bulk modulus causes Vs to take higher values only at low pressures (i.e., when
a significant population of open cracks is still present): a “crossing point” is clearly observed
at intermediate pressures (around 20-30 MPa for both sandstones), after which saturated
shear velocities become lower than dry shear velocities, as they are mainly controlled by the
pore fluid density rather than by the pore fluid compressibility. The reader is invited to refer
to the discussion given in Section 4.2.2.1 of Chapter 4 for micromechanical interpretations
of the experimental results.
Pore volume change was also continuously recorded as a function of hydrostatic pressure,
using the pair of pore volume pumps (see Section 5.1.5), during all glycerin and water-
saturated cycles. Porosity change is simply obtained by dividing the pore volume change
by the initial volume of the rock sample. Considering that the pore space is much more com-
pliant than the minerals, porosity change data should approximately match the volumetric
deformation data that are independently measured by strain gauges, although it should be
reminded that porosity change are “global” or “averaged” measurements, whereas volumet-
ric deformation comes from local measurements. It was found that, at all pressures, the
experimentally measured values for change in porosity, although being well consistent dur-
ing each cycle, are significantly larger than volumetric deformation. This observation still
holds after pore volume change data were corrected of the aluminium hole volume change:
such correction, which is relatively small, was evaluated by solving the elastostatic problem
of a hollow cylinder subjected to outer and inner uniform pressures (Pc,Pp), respectively†.
The inconsistency between pore volume change data and volumetric deformation data be-
comes worse if, in turn, volumetric deformation data are corrected from the deformation of
†recovering solutions given in Mandel [1966].
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Figure 5.9 Bulk modulus measurements at low frequency, using oscillations of confining pressure,
for the 13% porosity Fontainebleau sandstone (dry, glycerin and water-saturated). a) Oscillation
frequency f = 0.02 Hz, pump oscillation volume ∆V = 2 cc. b) f = 0.02 Hz, ∆V = 1 cc. c)
f = 0.02 Hz, ∆V = 0.5 cc. d) f = 0.05 Hz, ∆V = 1 cc. e) f = 0.1 Hz, ∆V = 0.5 cc.
the grains to get the true volumetric deformation of pore space. For these reasons, it was
concluded that experimental values of pore volume change could not be quantitatively used.
5.2.2 Permeability
No pressure dependence of permeability was measured on both the 13% and 4% porosity
Fontainebleau sandstones (Figure 5.8), whose measured permeabilities are approximately
k = 190 mD and k = 0.1 mD, respectively. Although k decreases by a factor of two for
the water-saturated 13% Fontainebleau sandstone, this trend is not observed under glycerin
saturation. Experimental permeability values are consistent with previous measurements
on Fontainebleau sandstone samples having similar porosities [Bourbie´ et al., 1987; Song
and Renner, 2008]. Pressure trends are consistent with measurements of Song and Renner
[2008] and Fredrich et al. [1993], who both found that the decrease of permeability with
pressure never exceeds 50%. Contrary to mechanical data, rock permeability is mostly con-
trolled by the non-closable pores, and, in the rocks tested in this study, does not thus seem
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Figure 5.10 Bulk modulus measurements at low frequency, using oscillations of confining pressure,
for the 4% porosity Fontainebleau sandstone. a) Oscillation frequency f = 0.02 Hz, pump oscillation
volume ∆V = 1 cc. b) f = 0.02 Hz, ∆V = 0.5 cc. c) f = 0.1 Hz, ∆V = 0.5 cc.
to be affected by the presence of microcracks. The other important interest in having per-
meability measurements is the estimation of critical frequencies between frequency regimes
(see Chapter 6).
5.2.3 Low-frequency bulk modulus
Experimental measurements of low-frequency bulk modulus are summarised in Figures 5.9
and 5.10 for the 13% porosity and 4% porosity samples, respectively. For both sandstones,
only measurements of axial strain εax were used to calculate volumetric deformation, εv
(i.e., εv = 3εax), as radial strain data were of too poor quality to be quantitatively processed.
When the pump oscillation volume ∆V = 2 cc (Figure 5.9a), the amplitude of recorded
axial strain oscillations is typically around 10−5; when ∆V = 1 cc (Figures 5.9b, 5.9d and
5.10a), εax ∼ 5× 10−6; when ∆V = 0.5 cc (Figures 5.9c, 5.9e, 5.10b and 5.10c), values
of εax as low as 2× 10−6 were satisfactorily recorded. It was found that both sandstones
exhibit linear elastic behaviour during oscillation tests with no hysteresis, and that the
obtained bulk modulus is independent of the oscillation amplitude (considering the error
bars on measurements). This was not a priori guaranteed, remembering that the overall
deformation range during oscillation tests lies in the range 10−6 to 10−5.
It should be remembered that the rock sample and aluminium strain gauge were both
equipped with semiconducting strain gauges, although rock deformation measurements
were only available for the 4% porosity sample. The main reason why such measurements
were not processed for obtaining bulk modulus (as well as the stress-strain curve) is now
discussed here. As already mentioned in Section 5.1.3, semiconducting strain gauges are
very sensitive to room temperature variations. Although the recorded rock deformation
data were of excellent quality, the obtained values of bulk modulus are not consistent with
the ones obtained using normal strain gauges, which are shown in Figures 5.9 and 5.10
123
5 Laboratory measurements on the influence of pressure, frequency and pore fluid on
elastic wave velocities in Fontainebleau sandstone
a) b)
, differential pressure (MPa)
10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90
, differential pressure (MPa)
13% Fontainebleau sandstone
B
ul
k 
m
od
ul
us
 (G
P
a)
B
ul
k 
m
od
ul
us
 (G
P
a)
13% Fontainebleau sandstone
dry (argon)
glycerin
water
{ultrasonic 
(f = 1 MHz)
glycerin
water
{
undrained
(Gassmann predictions,
from dry velocity data)
dry (argon)
{(ultrasonic, f = 1 MHz)
~ drained
8
10
12
14
16
18
20
22
24
26
28
30
8
10
12
14
16
18
20
22
24
26
28
30
low frequency 
(f = 0.02 Hz,
pump osc. vol. = 1 cc
   / 2 cc)
1 cc
1 cc
1 cc
2 cc
2 cc
2 cc glycerin
water
dry (argon)
{
{
{
{
c pP P− c pP P−
Figure 5.11 a) Experimental results for bulk modulus at ultrasonic frequency (1 MHz), calculated
from P and S-wave ultrasonic velocity measurements. Predictions for the undrained bulk modulus,
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results shown in Figures 5.9a and 5.9b for low-frequency bulk modulus at frequency f = 0.02 Hz,
compared with dry bulk modulus obtained from ultrasonic data (Figure 5.11a) (data for the 13%
porosity Fontainebleau sandstone).
for the 13% and 4% samples, respectively. In particular, the bulk modulus determined
from semiconducting strain gauge measurements does not reach asymptotic values at high
pressures: values of bulk modulus as high at 40 GPa were recorded on the 4% porosity
sample, whereas, in principle, they should not exceed 37 GPa, which is the bulk modulus
of quartz. As far as the aluminium cylinder is concerned, axial and radial deformation data
are, as expected, linear functions of confining pressure. Nevertheless, the values of the
slope of linear stress-strain curves are, first, inconsistent with the ones expected from elastic
properties of aluminium as obtained, again, using solutions of the elastostatic problem of a
hollow cylinder subjected to outer and inner pressures. They are even inconsistent between
the various hydrostatic cycles, as well as during small confining pressure oscillation tests.
Hence, it was concluded that the aluminium force gauge could not be used as a local force
gauge for confining pressure measurements. Low-frequency bulk modulus determined by
measuring the rock deformation using conventional strain gauges, and confining pressure
using the apparatus pressure transducer (see Section 5.1.2), were considered to be the most
reliable data.
For the 13% Fontainebleau sandstone, at each given pressure, both the glycerin and the
water-saturated low-frequency bulk moduli remain unchanged with frequency in the range
0.02-0.1 Hz (see Figure 5.9), and equal to low-frequency dry bulk modulus. Hence, the first
conclusion that can be reached from such results is that the glycerin and water-saturated
sample behaves as fully drained at the low frequencies used in the forced oscillation tests.
Such evidence is confirmed by the good match of low-frequency data for bulk modulus with
ultrasonic dry data, for which bulk modulus is calculated from (Vp,Vs) over the complete
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pressure range (see Figure 5.11b). The same conclusions hold for the 4% Fontainebleau
sandstone (Figures 5.10 and 5.12), although the quality of low-frequency data is not
as good as for the 13% sample. The large error bars are not surprising remembering
that the 4% sample is stiffer than the 13% sample, and that, at the small oscillation
amplitudes used for low-frequency tests (only tests using ∆V = 1 cc or ∆V = 0.5 cc were
carried out, but not using ∆V = 2 cc), the limit of accuracy of conventional strain gauges
is almost reached. Errors might also come from the quality of the gluing of the strain gauges.
Another purpose of Figures 5.11 (13% sample) and 5.12 (4% sample) is to compare the
saturated low-frequency bulk modulus (data for f = 0.02 Hz only are shown for clarity),
which has been shown to be drained bulk modulus as it matches both low-frequency and
ultrasonic dry data, to the saturated ultrasonic bulk modulus. One of the implication of
the results of Chapter 4 is that saturated ultrasonic velocities (or, equivalently, elastic
moduli) can be equivalently named saturated high-frequency, as the fluid is totally trapped
in the pores at the passing of an ultrasonic wave. Thus, the second main implication of
the experimental results obtained on the frequency-dependence of bulk modulus is that
a significant difference is clearly observed between the drained and the high-frequency
saturated bulk modulus, which represent, respectively, the most compliant and stiffest
bounds of frequency-dependent elastic behaviour. At low pressure (Pc−Pp = 5 MPa), the
bulk modulus increases by approximately 80% and 40% between low and high frequencies,
for the 13% and 4% samples (glycerin and water-saturated), respectively; in contrast, at
high pressure (Pc−Pp = 85 MPa), the increase of bulk modulus with frequency is only
15% and 5%, respectively. It is therefore clear that, as previously discussed in Chapters
2, 3, and 4, frequency-dependence of saturated elastic moduli is highly controlled by pore
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Figure 5.13 Experimental measurements of a) E, Young’s modulus, which was normalised to its
value at low frequency (E = 37 GPa, E = 22 GPa and E = 29 GPa, all taken at f = 0.01 Hz for
dry, glycerin and water-saturated tests, respectively); b) Q−1E , attenuation for Young’s modulus; c) ν ,
Poisson’s ratio, as function of frequency (4% Fontainebleau sandstone, at Pc = 10 MPa and Pp = 5
MPa).
structure, as the experimental results on Fontainebleau sandstone show that dispersion
is much greater in a porous rock containing a mixture of pore shapes (e.g., equant pores
and open flat cracks at low pressures) than in a porous rock containing pores of relatively
similar shapes (e.g., non-closable pores at high pressures).
As expected, the predictions of Gassmann’s equation (3.78) for the low-frequency
undrained bulk modulus, which are also shown in Figures 5.11a (13% sample) and 5.12a
(4% sample) for glycerin and water-saturated samples (using dry velocity data), lie between
the drained and high-frequency saturated measurements. According to the assumptions of
Gassmann’s model, the difference between undrained and high-frequency elastic behaviour
is interpreted in terms of local fluid flow between nearby pores (see Chapter 6). The amount
of such dispersion is, again, much higher at low pressures in presence of open cracks.
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The lower frequency bound for which Gassmann’s predictions for undrained velocities
can be considered to be valid can be roughly estimated remembering that drained behaviour
occurs if a sufficient time is allowed for the achievement of pore pressure equilibrium (by
global fluid diffusion) over a region of characteristic dimension l. An estimation of the
critical frequency fu between drained and undrained regimes is [Cleary, 1978]
fu =
k
φηCfl2
, (5.9)
where Cf = 1/Kf is the fluid compressibility. For the present laboratory experiments, using
the data of Table 5.2, measured permeabilities (see Section 5.2.2), and taking the charac-
teristic length to be the rock sample diameter, or length (l = 4 cm), it is found, for the
13% porosity sample, that the critical frequency below which drained behaviour occurs is
fu ∼ 5 Hz (glycerin) and fu ∼ 2 kHz (water). This definitely confirms that, during oscil-
lation tests that were performed in the frequency range 0.02-0.1 Hz, drained bulk moduli
were measured. For the 4% porosity sandstone, fu ∼ 0.01 Hz (glycerin) and fu ∼ 4 Hz (wa-
ter). Under glycerin saturation, the frequency of oscillations of confining pressure might be
close to the limit of drained behaviour; nevertheless, no significant deviation from water-
saturated bulk modulus (which is then confirmed to be the drained modulus) is observed on
the experimental results (see Figure 5.10). As low-frequency data for the 4% sample are
subject to large error bars, additional experimental measurements of elastic moduli as func-
tion of frequency would be needed. The results of attempts to measure Young’s modulus
and Poisson’s ratio at intermediate frequencies are presented in the next section.
5.2.4 Seismic frequency Young’s modulus and Poisson’s ratio
Experimental results for frequency-dependence of Young’s modulus, E, attenuation for
Young’s modulus, Q−1E , and Poisson’s ratio, ν , over the complete range 0.001-300 Hz,
for the dry, glycerin-saturated, and water-saturated 4% Fontainebleau sandstone, are
summarised in Figure 5.13. No change of Young’s with frequency is observed in the
range 0.001-300 Hz under dry and water-saturated conditions, whereas Young’s modulus
increases by 60% for the glycerin-saturated sample in the range 1-300 Hz (Figure 5.13a).
The critical frequency fc for local fluid-flow between pores was estimated to be around
300 Hz for the water-saturated 4% sample (see Chapter 4), which is right above the
maximum frequency that can be reached in the oscillation tests. Under glycerin-saturation,
the viscosity of glycerin beeing three orders of magnitude greater than that of water (see
Table 5.2), equation (4.23) predicts that fc ∼ 0.5 Hz. It is therefore plausible to think
the increase of Young’s modulus with frequency is attributed to a transition between
the undrained regime of poroelasticity, as expected from Gassmann’s model, and the
high-frequency regime where fluid is completely trapped in the pores. This interpretation
can also be supported by the very good correlation observed between the behaviour of
Young’s modulus with frequency and attenuation data (Figure 5.13b), a clear attenuation
peak being only observed under glycerin-saturation, at around 10 Hz.
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Poisson’s ratio of saturated porous rocks is expected to increase with the wave frequency.
Indeed, Poisson’s ratio is a monotonically increasing function of the ratio of bulk to shear
moduli. From a theoretical point of view, the increase of saturated bulk modulus with
frequency is, in general, much more pronounced than for shear modulus: for instance,
Gassmann’s model predicts that the undrained bulk modulus is higher than the drained
modulus, whereas the undrained and drained shear moduli are equal. Moreover, in
all experimental datasets on sandstones treated in Chapter 4, saturated Poisson’s ratios
predicted from Gassmann’s model were always lower than saturated ultrasonic Poisson’s
ratios. The results of Figure 5.13c show that, for the glycerin-saturated sample, Poisson’s
ratio increases with frequency, from ν = 0.13 to ν = 0.18, between 1 Hz and 300 Hz,
whereas the dry Poisson’s ratio remains unchanged with frequency at a value much lower
than for the glycerin-saturated sample. For the water-saturated sample, an increase of
Poisson’s ratio with frequency is also observed (ν goes from 0.07 to 0.13 between 0.01 Hz
and 300 Hz). The latter result is more difficult to interpret, as this trend is not consistent
with the behaviour of the water-saturated Young’s modulus with frequency, which remains
unchanged (Figure 5.13b).
There are a certain number of strong reasons to think that, although new measurements
of elastic moduli at seismic frequencies have been obtained, the values and trends observed
in the results of Figure 5.13 are not reliable enough. First of all, E (Figure 5.13a) is
normalised to its low-frequency value, measured at 0.01 Hz. The latter value is different
for the three pore fluids (E = 37 GPa, E = 22 GPa and E = 29 GPa, for dry, glycerin and
water-saturated tests, respectively), which is not consistent remembering that, at 0.01 Hz,
the rock sample is in the drained regime (cf. Section 5.1.6). Moreover, E measured on
the dry sample is much higher than for the glycerin and water-saturated sample, and well
below the value expected from ultrasonic dry data (E = 68 GPa, at Pc = 10 MPa and Pp = 5
MPa). The same type of inconsistencies are found for Poisson’s ratio (Figure 5.13c). For
both the glycerin and water-saturated sample, the Poisson’s ratio obtained from ultrasonic
measurements (ν = 0.10 and ν = 0.11, respectively) is lower than at seismic frequencies.
It is therefore concluded that the values of E and ν are not consistent with neither the
low-frequency bounds (dry data) nor the high-frequency bounds (saturated ultrasonic data).
Furthermore, the transitions between drained and undrained regimes, which are expected
to occur at characteristic frequencies around 0.01 Hz (glycerin) and 4 Hz (water), are not at
all observed in the experimental results.
These inconsistencies could be partially explained by the high sensitivity of semiconduct-
ing strain gauges to room temperature variations, which might affect differently strain mea-
surements taken on the aluminium force gauges and on the rock sample. However, a much
more serious issue in experimental measurements was identified. Similar attenuation loops
are systematically observed on both the rock sample (Figure 5.5) and the aluminium force
gauge (5.14). Such undesired effect could possibly be explained by resonance phenomena
of the fluid present in the cavity of the aluminium cylinder, but no clear interpretation was
found. Even the estimated value of Poisson’s ratio of the aluminium cylinder varies from
one oscillation test to another. Perhaps, after all, dry Poisson’s ratio (Figure 5.13c), which
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Figure 5.14 Example of radial vs. axial deformation data recorded on the aluminium force gauge
(placed next to the 4% Fontainebleau sandstone sample), during oscillations of the axial stress f = 10
Hz (under glycerin saturation).
remains unchanged with frequency at a value consistent with dry ultrasonic data (≈ 0.05,
see Figure 4.16), represents the only reliable measurement. It is the only one that is inde-
pendent of measurements taken on the aluminium force gauge, as well as being free from
undesired effects of the pore fluid.
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6 Model for the frequency dependence of
elastic wave velocities
For saturated rocks, a large variation of velocities was identified in previous chapters
between the two extreme bounds of frequency-dependent elastic behaviour. The difference
observed between the elastic moduli in the “drained” regime (at very low frequencies)
and in the “isolated” regime (at high frequencies), often referred to as “dispersion”, can
be theoretically predicted by micromechanical models based on the spheroidal geometry
for pores (Chapters 2, 3, 4), and has been measured in Chapter 5 using a combination
of acoustic measurements and oscillation tests. The amount of such dispersion, although
different in bulk and shear, is much greater at low pressures than at high pressures (Chap-
ters 4 and 5). Frequency dispersion is thus greatly dependent on the pore geometry, and
more precisely on the presence of open cracks in a rock [Winkler, 1985, 1986; Jones, 1986].
It is commonly agreed that, at moderately low to intermediate frequencies, saturated
velocities can be predicted from dry velocities using Gassmann’s equations, if dry velocities
are taken to be the same as drained velocities†. As noted by Winkler [1986], the frequency
range in which Gassmann’s equations are applicable is difficult to verify from experiments,
as very few measurements of low-frequency velocities are available (cf. Chapter 5). For
instance, both Fontainebleau sandstones samples were behaving as drained at 0.02 Hz
(Chapter 5), whereas Murphy [1984, 1985] found that the Gassmann predictions are still
valid at sonic frequencies (∼ 500 Hz) for other sandstones. The low and high limiting
frequencies demarcating Gassmann’s regime can only be roughly estimated, respectively,
by calculating the critical frequencies between drained and Gassmann’s regimes, and
between Gassmann’s and high-frequency regimes (see equations (5.9) and (4.23), respec-
tively), providing that the parameters appearing in such relations can be well constrained
by experiments. It should be remembered that, as Gassmann behaviour corresponds to
the “static” or “zero frequency” limit of poroelasticity theory as treated by Biot [1956a,b],
an inherent confusion on the real applicability of Gassmann’s equation at very low
frequencies exists in the literature. The question is therefore raised whether a peak in
velocity attenuation should also exist between the very low-frequency drained regime, and
the low-frequency Gassmann regime, for saturated rocks. This is, however, not the intent of
the present chapter, whose focus is the frequency-dependence of saturated velocities that is
observed between the low-frequency “Gassmann regime” and the high-frequency regime.
Evidence that the velocity dispersion between these two regimes is significant for porous
rocks can be found in previous chapters, as well as in the experimental results of Winkler
†it may be worth mentioning here that the question of whether “fluid-weakened dry” or “extremely dry”
moduli should be used as input in Gassmann’s equations is outside the scope of this thesis.
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[1985, 1986], among others.
Various mechanisms, comprehensive reviews of which have been notably given by Jones
[1986] and Bourbie´ et al. [1987], have been proposed to account for the role of the pore
fluid on velocity dispersion. The effect of viscous relaxation of the fluid present in a single
crack under shear [Walsh, 1969; O’Connell and Budiansky, 1977; Cleary, 1978] becomes
significant only at very high frequencies, around GHz in rocks. The same remark holds
for Biot’s equations of dynamic poroelasticity theory [Biot, 1956b], for which dispersion
is accounted for by inertial coupling between fluid and solid phases. As noted by Bourbie´
et al. [1987], the dependence of Biot’s characteristic frequency on both rock permeability
and fluid viscosity is the inverse of the one actually observed in experiments. Another
reason why Biot’s model is not satisfying for rocks is that the wavelengths involved for
obtaining significant inertial effects are smaller than the largest pore size, thus violating
Biot’s initial assumption of a local equilibrium of variables on a mesoscopic representative
elementary volume (REV). In fact, owing to the same assumption, the theory of Biot did
not consider the existence of local fluid flows and pressure gradients, from pore to pore,
generated by the passing of a wave at “intermediate to high” frequencies.
The local flow mechanism, often referred as “squirt-flow” in the literature [Mavko and
Nur, 1975], is now regarded as the main mechanism responsible for velocity dispersion
between sonic and ultrasonic frequencies. Mavko and Nur [1975], and O’Connell and
Budiansky [1977] propose that such dispersion is directly related to the distribution of
pore shapes. More precisely, fluid should be squirted from thin cracks into the stiff pores,
as pore pressures induced at the passing of a wave are higher in the compliant porosity
[Budiansky and O’Connell, 1980]. A certain number of so-called “squirt-flow models”
have been proposed to explain the viscoelastic behaviour of saturated rocks, which are
often based on a distribution of pore geometries (in different terms, of relaxation times)
[O’Connell and Budiansky, 1977; Mavko and Nur, 1979; Palmer and Traviola, 1980; Jones,
1986]; or, alternatively, on the concept of dual porosity [Mavko and Jizba, 1991; Dvorkin
and Nur, 1993; Dvorkin et al., 1995; Pride et al., 2004; Gurevich et al., 2010]. However,
such models are not entirely satisfying, as they are only phenomenological, or dependent
on diffusive transport laws, since they are based on restrictive assumptions of viscous flow
at the pore scale.
The objective of this last chapter is to develop a simple model accounting for velocity
dispersion, that is based on a spheroidal pore model, and can consistently explain the
frequency-dependence of saturated velocities between the Gassmann and high-frequency
regimes. As an extension of Chapter 4, it is thus assumed that the rock contains an
exponential distribution of crack aspect ratios, and one family of non-closable pores, as
such a type of pore aspect ratio distribution has been shown to successfully invert dry
velocities, as well as to predict saturated ultrasonic velocities, on many sandstones. At a
given wave frequency, some pores are isolated, and the other pores obey a Gassmann-type
assumption of uniform pore pressure. For a given pore fluid, the critical aspect ratio that
demarcates the two families of pores is related to the frequency, following the relation
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(4.23) [O’Connell and Budiansky, 1977]. In this way, the model proposed here, which is
only dependent on a simple distribution of pore shapes, differs from previous models, as it
remains within the philosophy of “effective medium modelling”, and is not based on any
viscoelastic analysis.
Seismic attenuation is of great importance in geophysics, due to its extreme sensitivity
to the presence of pore fluids in rocks [Jones, 1986]. The attenuation of interest here is
the “intrinsic” attenuation, which is related to the viscoelastic behaviour of fluid-saturated
rocks, as opposed to the “geometric” or “apparent” attenuation, which is caused by scatter-
ing or interference effects as the wave passes through a rock mass. The model therefore also
allows for calculation the intrinsic attenuation by applying the Kramers-Kronig relations to
velocities if they are considered to be the “real part” of the viscoelastic moduli.
6.1 Model derivation
6.1.1 Critical frequency for local flow mechanism
Consider a rock whose aspect ratio distribution is known, for instance, by inverting the
pressure dependence of dry velocities measured in the laboratory (Chapter 4). The rock
contains an exponential distribution of crack aspect ratios c(α), and one family of stiff
pores of aspect ratio αhp. The non-closable pores account for the total porosity, φ , which is
also assumed to be available from experiments, as well as the rock density, and the elastic
moduli of the minerals, (K0,G0).
At a given frequency f , the critical aspect ratio αc that distinguishes between the pores
that follow a Gassmann-type behaviour of local pore pressure equilibrium, and the pores
that behave as individually undrained, is given by
f = ζ
K0
η
α3c , (6.1)
so,
αc =
(
fη
ζK0
)1/3
, (6.2)
where K0 is the bulk modulus of the minerals. The only difference between equations
(6.1) and (4.23) is the introduction of the additional dimensionless coefficient ζ . Indeed,
as noted by O’Connell and Budiansky [1977], the critical frequency for local fluid flow
is estimated from simplified diffusive models at the pore scale, which use very idealised
pore geometries. The various estimates proposed in the literature give different values of
ζ . For instance, Mavko and Nur [1975] found ζ = 4/3piΓ, where Γ is the crack density.
O’Connell and Budiansky [1977] and LeRavalec et al. [1996] found, respectively, ζ = 4
and ζ = 24E0/K0 = 72(1− 2ν0), where (E0,ν0) are Young’s modulus and Poisson’s ratio
of the minerals, by considering two-dimensional Poiseuille flow of a fluid between two
parallel plates, by analogy with the fluid flow that would occur on crack channel or throats.
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It is also unclear from the expressions given in the literature whether the representative
elastic modulus used in equation (6.1) should actually be the solid’s modulus, an effective
modulus (e.g., of the surrounding material containing other pores), or even the bulk
modulus of the fluid [Cleary, 1978]. For these reasons, ζ is taken to be an adjustable
parameter of the model. For simplicity, ζ is also assumed to be independent of pressure,
although the expression for ζ found by Mavko and Nur [1975] suggests that ζ may depend
on pressure through Γ, the crack density. A first-order pressure dependence on relation
(6.2) could be alternatively taken into account by assuming that the representative bulk
modulus is not the solid’s bulk modulus, but the effective modulus of the rock, which is
also pressure-dependent. Nevertheless, the question of whether relation (6.2) should be
treated as pressure-dependent is out of the scope of the present chapter, as constraining the
simplest model is already difficult due to the crucial lack of experimental data.
In any of the models proposed for estimating the critical frequency of local flow, it is
worth recalling that relation (6.1) can always be written as a diffusion equation, in a form
exactly similar to equation (5.9), providing that the diffusion length (and permeability) are
appropriately chosen to address the problem of a local flow phenomena [Cleary, 1978].
This connection is explicitly found, for instance, in Mavko and Nur [1975]. They start from
relation (5.9), except that in their relation the product of porosity and compressibility of the
fluid, φCf, is replaced by the effective drained compressibility, Cbc = 1/K:
fc ∼ Kkη l2 , (6.3)
where l is the diffusion length. Using a tube-type permeability model, they propose that the
intrinsic permeability of the cracked rock, k, obeys the relation:
k ∼ φc (2c)2 , (6.4)
where φc and 2c are the crack porosity and aperture, respectively. If l is chosen to be the
length of a crack, 2a, remembering that crack porosity is related to crack density by (3.15),
and that crack aspect ratio is α = c/a, substituing into (5.9) gives
fc ∼ K (4/3piαΓ)(2c)
2
η (2a)2
=
4piK
3η
α3, (6.5)
which is the final expression found by Mavko and Nur [1975] for the critical frequency.
As noted by Hudson [2000], among others, the characteristic diffusion length can also
be chosen to be the wavelength, λ = V f , where V is the phase velocity. Global diffusion
at wavelength scale, between the peaks and troughs of a wave, is in fact a fundamental
condition for attenuation in Biot’s theory. However, such a mechanism is not satisfying
for rocks, for two main reasons. First, the characteristic frequency that is obtained is
proportional to the viscosity of the fluid, and to the inverse of rock permeability, which
is not observed in attenuation data on rocks [Jones and Nur, 1983; Bourbie´ et al., 1987].
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Moreover, the values found for this frequency are too high (∼ MHz or more). Because
the typical frequencies for the local flow mechanism lie between the Hz and the MHz,
such processes must therefore involve diffusion lengths that are much smaller than the
wavelength.
In order to distinguish between the “Gassmann-type” and “isolated-type” pores, equation
(6.2) should be interpreted in the right way. A given frequency f corresponds to the critical
frequency for local fluid flow to occur in a pore of aspect ratio αc. Such a pore will be
isolated at any frequency greater than f . In other words, any pores having aspect ratios
greater than αc would have critical frequencies greater than f , therefore such pores have
a “Gassmann-type” behaviour at frequency f . In summary, at given frequency f , pores
of lower aspect ratio (α < αc) behave as “isolated” pores, whereas pores of higher aspect
ratios (α > αc) behave as “Gassmann-type” pores.
6.1.2 Calculation procedure
A diagram of the procedure used to calculate the saturated “effective” elastic moduli as
function of frequency (starting from the elastic moduli of the minerals) is schematised in
Figure 6.1. Saturated moduli are in turn converted into saturated velocities by using the
appropriate saturated rock density (see Chapter 4). Note that, following the notations used
previous chapters, elastic moduli (K,G) denote dry effective moduli, and barred elastic
moduli (K¯, G¯) denote saturated effective moduli. Four different situations are possible,
depending on where the value of the critical aspect ratio, αc, lies in the pore aspect ratio
distribution.
In situation 1, which occurs in the zero frequency limit, all pores are “Gassmann-type”.
Saturated moduli are simply obtained by applying Gassmann’s relations (3.78)-(3.79) to
the dry porous solid that contains both stiff pores and closable cracks. It is recalled that, as
shown in Figure 6.1, the dry effective moduli are calculated in two steps, first introducing
the stiff pores, and then the cracks into the host material formed by the minerals and the
stiff pores (cf. Sections 4.1.1.1 and 4.1.1.2).
The other simple situation already treated in Chapter 4 corresponds to the high-frequency
limit (situation 4), in which all the pores behave as “isolated” (i.e., for which αc is greater
than the aspect ratio of the stiff pores). The subsequent calculation procedure, again in two
steps, is described in Section 4.2.1.2.
Situation 3 occurs if the value αc lies precisely in between the highest aspect ratio of
closable cracks and the aspect ratio of the stiff pores (which are usually less than 0.01,
and around 0.5, respectively, cf. Chapter 4). Saturated effective moduli are thus obtained
by calculating the contribution of “isolated” cracks in a “Gassmann matrix”, formed
by the minerals and the saturated stiff porosity, instead of introducing the cracks in a
“isolated-type matrix”, as in situation 4. Note that the only difference between situations 3
and 4 is in fact the calculation of the saturated moduli of the matrix formed by the minerals
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Figure 6.1 Theoretical process for obtaining saturated effective moduli as function of frequency.
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and the stiff pores, whose aspect ratio lies typically in the range 0.1 to 0.5 (see Chapter
4). For a rock containing such relatively “equant” pores, saturated moduli obtained by
Gassmann’s model or by effective medium theories are very close (see Chapters 3 and 4).
Therefore, in practice, the predictions for situations 3 and 4 differ by a negligible amount.
Finally, in situation 2, non-closable pores are again “Gassmann-type”, but αc now
separates a family of ”Gassmann cracks” (having higher aspect ratios) and one family of
“isolated cracks”. Gassmann’s relations are thus applied to an intermediate dry frame,
which contains the stiff pores and the “moderately thin” cracks, after which “very thin”
saturated cracks are introduced at last.
Properly speaking, not four but three main types of situations must exist, as the distinc-
tion made between situation 2 and 3 is only an artefact due to the original assumption that
stiff pores are only represented by one average aspect ratio. This distinction would not
be necessary if the aspect ratio distribution function was continuous over the entire range
of pore aspect ratios. An important concept of the effective medium modelling procedure
is that pores are always added in the order of “least compliant”. Theoretical justifications
of this choice have been given in Section 4.2.1.2. The calculation procedure described
in Figure 6.1 is applicable for any effective medium theory, whose use only differ in the
specific way pores are incrementally added (see Section 4.2.1.2). The simulations presented
in Section 6.2 have been obtained using the Mori-Tanaka and the Differential schemes.
Although the effective medium modelling procedure described in Figure 6.1 is robust
and quite simple, the behaviour of elastic moduli is found to be affected, in an unexpected
way, at the transition from situations 1 to situation 2 (see Section 6.2.1). On the one
hand, for the Mori-Tanaka scheme, a negligible decrease of the shear modulus is locally
observed, which is not visible in the figures. On the other hand, the Differential scheme
predicts a non-negligble decrease of Poisson’s ratio, again locally.
The interpretation of these two singularities, which are not numerical integration
artefacts, differ the Mori-Tanaka and Differential schemes. At the transition between
situations 1 and 2, the small set of cracks that become “isolated cracks” in situation 2, and
that were “Gassmann cracks” in situation 1, is named δiso. According to the Mori-Tanaka
scheme, in situation 1, δiso is introduced with the rest of the other cracks in the “dry
matrix” containing the stiff pores, the elastic moduli of which are (K1,G1) (Figure 6.1).
The same operation is applied to of all cracks except δiso in situation 2. At this stage, the
intermediate dry moduli (K2,G2), as well as the subsequent saturated moduli (K¯2, G¯2 =G2)
obtained by the Gassmann equations, are only slightly lower in situation 2 than those in
situation 1, which are (K2,G2) and (K¯2, G¯2 = G2), respectively, since δiso represents a very
small set of cracks. However, in situation 2, δiso is introduced in a host material whose
shear modulus G¯2(= G2) is, because of the addition of many cracks, much lower than
the shear modulus G1 of the dry host material, in situation 1. This results in an excess
of shear compliance, which is not compensated by the small loss of shear compliance
of saturated δiso, as compared to dry δiso. In other words, because δiso is added into
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an undrained matrix that already contains the other cracks, the Mori-Tanaka scheme is
somehow here mixed with a incremental process of type “differential”, which is slightly
inconsistent. This issue does not affect bulk modulus, first, because the equations of
Mori-Tanaka scheme giving bulk and shear moduli are not coupled (see Chapter 3), but
also because K¯2 is actually comparable to K1 (this can be seen, for instance, by comparing
undrained modulus at low pressures, to dry bulk modulus at high pressures, in Figure 5.12a).
As far as the Differential Scheme is concerned, the inconsistent decrease observed for
Poisson’s ratio is, in contrast, due to a lack of shear compliance calculated at the transition
between situations 1 and 2. Consider again, as in last paragraph, the crucial stage before
the addition of δiso in situation 2. The thinking of what comes next is similar as for the
Mori-Tanaka scheme, but the consequence is the opposite. In situation 2, δiso is introduced
in a host material (K¯2, G¯2 = G2) that is stiffer than the dry matrix (K2,G2) in situation 1
(which, for the Differential scheme, now contains all cracks except δiso). This discontinuity
somehow “underestimates” the excess compliance of δiso in situation 2. Moreover, as it is
actually expected from the model of frequency-dependence, the addition of δiso results in
a stiffening of the final shear modulus G¯ if compared to G¯ in situation 1. The particular
excess of shear compliance in situation 2 thus seems to be caused by the way shear and
bulk moduli are reciprocally affected in the coupled differential equations (see Chapter 3),
as, in situations 1 and 2, the respective host materials (K2,G2) and (K¯2, G¯2 = G2) have very
different Poisson’s ratios. This latter interpretation remains not clarified. It is however con-
cluded that, although these small inconsistencies of the model do not seem to be avoidable,
they are in fact of small influence (see Section 6.2).
6.1.3 Pressure dependence
One of the main interests of the present model, which is purely based on the pore aspect
ratio distribution used as an input, is that frequency dependence of elastic moduli can be
predicted at any pressure. This is simply achieved if the zero pressure distribution function,
c(α), is “updated” at a given pressure P, by considering the crack closure process (see
Chapter 4). The effect of increasing pressure on the crack porosity distribution function is
illustrated in Figure 6.2.
6.1.4 Calculation of attenuation
If the elastic velocity (or elastic modulus) is now considered as the real part MR(ω) of a
“viscoelastic” complex modulus M(ω) = MR(ω) + iMI(ω), where ω = 2pi f denotes the
angular frequency, the attenuation Q−1(ω) is simply given by [Bourbie´ et al., 1987]
Q−1(ω) =
MI(ω)
MR(ω)
. (6.6)
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The imaginary part MI(ω) can be obtained from one of the reciprocal Kramers-Kronig
relations [Nowick and Berry, 1972]:
MI(ω) =
2ω
pi
P
∫ +∞
0
[
MR(ω ′)
ω ′2−ω2
]
dω ′, (6.7)
where the symbol P denotes the Cauchy’s principal value of the integral. Equation (6.7) was
integrated numerically, using an algorithm after Lucarini et al. [2005]. This programme was
modified to account for a constant spacing of the decimal logarithm of the frequency, which
is a more appropriate variable than the natural frequency for the problem considered here.
Thus, by applying the change of variables ω˜ = logω , equation (6.7) becomes
MI(ω˜) =
(2× ln10)10ω˜
pi
P
∫ +∞
−∞
[
MR(ω˜ ′)10ω˜
′
102ω˜ ′−102ω˜
]
dω˜ ′. (6.8)
Note that because the value of the integrand diverges at two ends of the integration range,
equation (6.8) needs to integrated over a domain of frequencies sufficiently wide so that
these “end effects” do not affect values of the attenuation in the frequency range of physical
interest.
6.2 Results
The example of the water-saturated 4% Fontainebleau sandstone (see Chapters 4 and 5) is
taken as the input of the model in all the performed simulations.
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locity; for water-saturated 4% Fontainebleau sandstone (see Chapters 4 and 5), as functions of the
wave frequency (at zero pressure). Results are shown for the Mori-Tanaka and Differential schemes,
taking different values of the parameter ζ (see equation (6.1)).
6.2.1 Results at zero pressure
Predictions for the frequency dependence of P and S-wave velocities are shown, respec-
tively, in Figures 6.3a and 6.3b, for three values of the parameter ζ (see equation (6.1)),
according to the Mori-Tanaka and Differential schemes. By assuming a distribution of “re-
laxation frequencies”, the model predicts that P and S-wave velocities increase in a very
similar manner with frequency, between the seismic range (∼ Hz) and the ultrasonic range
(∼ MHz). The influence of the parameter ζ is trivial, and simply results in a shift in fre-
quency of the curves, as expected. Note that the same effect would be obtained if the
viscosity of the fluid was varied (see equation (6.1)). From their experimental results, Jones
and Nur [1983] suggested that, indeed, acoustic properties of rocks are actually dependent
on the product of fluid viscosity and frequency, rather than the frequency itself.
It is verified, by comparison with attenuation results (Figure 6.4), that the central
frequency of the local flow attenuation phenomena, fc, is well estimated from relation
(4.23), by simply taking a value of the “average” or “characteristic” aspect ratio at the peak
of the crack porosity distribution c(α) (see Chapter 4 and Figure 6.2). The value fc ≈ 300
Hz found in Chapter 4 is, as expected, consistent with the one that is estimated from the
peak in attenuation curves (≈ 400-500 Hz, cf. Figure 6.4). Is is therefore reasonable to
attribute the small frequency shift observed between the predictions of Mori-Tanaka and
Differential schemes (Figure 6.3) to the “original” shift in their respective crack porosity
distribution functions (cf. Figure 4.4a).
The results obtained for the attenuation of P and S-wave velocities (Figure 6.4) are
consistent with the typical values of attenuation in sandstones found in the literature,
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such as those obtained from resonant bar experiments by Winkler et al. [1979] and
Murphy [1982]. The relatively small values of attenuation (1000/Q < 3) seem to be
only case-dependent, as values of 1000/Q around 10 were obtained, for instance, when
the model was applied to Vosges sandstone (Chapter 4). P-wave velocity is more atten-
uated than S-wave velocity (Figure 6.4). The same result is obtained for bulk modulus
relative to shear modulus (Figure 6.5a), although attenuation curves for bulk and shear
moduli are not shown here. Bulk and shear modulus increase by 20% and 10% with
frequency, respectively. An important result of Figure 6.5a is the important dispersion
that is observed for shear modulus, which is consistent with experimental measurements
(Figure 4.15b), as for bulk modulus (Figure 4.15b). Poisson’s ratio, which is a mono-
tonically increasing function of the ratio of bulk to shear moduli, is subsequently found
to increase monotonically with frequency (Figure 6.5b). Note that the small decrease of
Poisson’s ratio (for the Differential scheme), as well as the unexpected rise of attenuation,
that are both observed at around 0.1 to 1 Hz (respectively in Figures 6.5b and 6.4), are
only artefacts of the modelling procedure, and are of no physical interest (see Section 6.1.2).
An important distinction needs to be made between the evolution trends of elastic prop-
erties (with frequency) that hold for all porous saturated rocks, and the ones that are only
case-dependent. On the one hand, bulk and shear moduli, for saturated rocks, are always in-
creasing functions of frequency, as subsequently P and S-wave velocities are. On the other
hand, the relative evolution of bulk and shear moduli, as well as evolution of Poisson’s ra-
tio, are both entirely determined by the pore structure. Consider a very simple example of a
rock which contains a single family of cracks having an aspect ratio α = 0.001, and whose
dry effective moduli are then denoted by (K,G). Applying Gassmann’s relations to the dry
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taking ζ = 1 (see equation (6.1)).
rock yields the low-frequency saturated moduli (Ku,Gu). More precisely, Ku > K whereas
Gu = G. If, in turn, saturated high-frequency moduli (K¯, G¯) are now calculated by using
effective medium theories, K¯ = Ku (> K), whereas G¯ > Gu = G (cf. Chapters 2, 3 and 4).
The model of frequency-dependence would predict that, for such a rock, the bulk modulus
would be constant, whereas the shear modulus would increase with frequency from Gu to
G¯. Poisson’s ratio would therefore be expected to decrease with frequency for such a rock.
6.2.2 Results for pressure dependence
Attenuation of both P and S-waves rapidly decreases with pressure as cracks successively
close up (Figures 6.6 and 6.7). No velocity dispersion is observed at high pressures, when
the rock is only left with the stiff pores. This result was expected, as the fundamental
assumption of the model is that velocity dispersion is caused by the presence of cracks, and
more precisely by the difference of local pore pressures between compliant cracks and stiff
pores. The same conclusions are reached for the ratio of P and S wave velocities, Vp/Vs
(Figure 6.8), which is simply related to Poisson’s ratio, ν , as
V 2p
V 2s
=
2(1−ν)
1−2ν , (6.9)
which is a monotonically increasing function of ν .
The evidence that frequency-dependence is crucially dependent on the applied pressure
is similarly reached if P and S-wave velocities are alternatively represented as function of
pressure, at different wave frequencies (Figure 6.9). Note that the sense of evolution of
the ratio Vp/Vs (or, equivalently, of Poisson’s ratio) with pressure (Figure 6.10) is again not
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frequency, at increasing differential pressures (Pc−Pp). Results are shown for the Mori-Tanaka and
Differential schemes, taking ζ = 1 (see equation (6.1)).
log(frequency) log(frequency)
a) b)
Mori-Tanaka
0 MPa
10 MPa
30 MPa
90 MPa
−3 0 3 6
0
1
2
3
−3 0 3 6
0
1
2
3
Mori-Tanaka
0 MPa
10 MPa
30 MPa
90 MPa
1000 / pQ
, P
-w
av
e 
at
te
nu
at
io
n
10
00
/
p
Q
, S
-w
av
e 
at
te
nu
at
io
n
10
00
/
s
Q
1000 / sQ
Figure 6.7 Model predictions for a) attenuation of the compressional seismic velocity; b) attenuation
of the shear seismic velocity; for water-saturated 4% Fontainebleau sandstone (see Chapters 4 and
5), as functions of the wave frequency, at increasing differential pressures (Pc−Pp). Results are
shown for the Mori-Tanaka scheme, taking ζ = 1 (see equation (6.1)).
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Figure 6.8 Model predictions for the ratio of compressional and shear seismic velocities, Vp/Vs,
for water-saturated 4% Fontainebleau sandstone (see Chapters 4 and 5), as a function of the wave
frequency, at increasing differential pressures (Pc−Pp). Results are shown for the Mori-Tanaka and
Differential schemes, taking ζ = 1 (see equation (6.1)).
entirely trivial. For instance, it was shown in Chapter 3 that the addition of saturated cracks
in a solid could well result in a decrease of Poisson’s ratio.
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Figure 6.9 Model predictions for a) the compressional seismic velocity; b) the shear seismic ve-
locity; for water-saturated 4% Fontainebleau sandstone (see Chapters 4 and 5), as functions of dif-
ferential pressure (Pc−Pp), at different wave frequencies. Results are shown for the Mori-Tanaka
scheme, taking ζ = 1 (see equation (6.1)).
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Figure 6.10 Model predictions for the ratio of compressional and shear seismic velocities, Vp/Vs,
for water-saturated 4% Fontainebleau sandstone (see Chapters 4 and 5), as a function of differential
pressure (Pc−Pp), at different wave frequencies. Results are shown for the Mori-Tanaka scheme,
taking ζ = 1 (see equation (6.1)).
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Exact expressions for the pore compressibility and shear compliance (P,Q) of dry
spheroidal pores have been explicitly derived in Chapter 2, clarifying a certain number
of previous works where typographical mistakes were present [Wu, 1966; Dunn and
Ledbetter, 1995; Kachanov et al., 2003], or where such results had been derived using other
formalisms, such as wave-scattering [Kuster and Tokso¨z, 1974], or by directly solving
the elastostatic problem [Zimmerman, 1985a], among others. While it seems that the
particular case of the shear compliance has not received nearly as much attention as has the
compressibility, it has been shown in the present thesis that the aspect ratio of the pores,
α , and the solid’s Poisson’s ratio, ν0, have a very similar influence on both P and Q. This
analysis also clearly shows that the commonly used approximations for the limiting cases
of infinitely “thin” cracks, and infinitely long needles, are not valid for crack-like pores
having aspect ratios greater than 0.01, or for needle-like pores having aspect ratios lower
than 100, respectively. New asymptotic expressions for both P and Q have been derived
between the limiting cases, which remain simple and accurate for crack-like pores having
aspect ratios as high as 0.3, needle-like pores having aspect ratios as low as 3, as well as for
nearly spherical pores (0.7 < α < 1.3). Such results are then incorporated into effective
medium schemes (Chapter 3), and form the basis of a process of inverting wave velocities
to find the aspect ratio distribution in rocks (Chapter 4). These asymptotic expressions
also have many possible applications in areas such as geophysics, material or biomedical
sciences, or composites engineering. As mentioned in the foreword, the present thesis
forms the original source of several subsequent journal papers. The results obtained in
Chapter 2 (for dry pores) have thus been published in International Journal of Solids and
Structures [David and Zimmerman, 2011a].
Asymptotic expressions that would be valid over a wide range of aspect ratios would
also be useful if extended to the case of ellipsoidal pores, as cracks observed in many
applications are rarely circular. Exact expressions for the pore compliances of a general
ellipsoid, which depend on two pore aspect ratios and contain incomplete elliptical
integrals, are very cumbersome. A similar analysis for the pore compliance coefficients
(P,Q) has thus been carried for a crack that has an elliptical shape in it nominal plane and
a small and zero thickness in the third direction. The asymptotic approximations for (P,Q)
have the same surprising range of validity as does the approximation for the spheroidal
crack, as long as crack shape in the nominal plane is “not too elliptical”; moreover, these
simple approximate expressions do not involve elliptical integrals. However, this new result
needs to be explored in more detail, and has therefore not been included in this thesis.
The approach followed for the pore compliances coefficients (Pu,Qu) of fluid-saturated
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spheroidal pores, in Chapter 2, was motivated by the same considerations as for dry pores.
Exact expressions for the undrained pore compliances were again explicitly derived using
the Eshelby-Wu tensor formalism. The undrained pore compressibility, Pu, can be calcu-
lated in an independent way, by starting from the dry pore compressibility P, and invoking
an equivalent of Gassmann’s formulation for pore rather than bulk compressibilities,
which yields exactly the same result. In contrast, the expressions found for the undrained
shear compliance Qu do not obey Gassmann’s relations, as they depend, albeit weakly,
on the fluid compressibility. The undrained shear compliance Qu is therefore lower than
Q, except for spherical pores, for which they are equal. The asymptotic expressions of
Henyey and Pomphrey [1982] are only valid for very thin cracks, and for low values of the
pore fluid compressibility. New asymptotic expressions are found for Pu by inserting the
corresponding asymptotic expressions for P into the derived Gassmann relation between
undrained and dry pore compressibilities. For crack-like pores, needle-like pores, and
nearly spherical pores, the asymptotic expressions for Pu are valid for any pore fluid
compressibility, and over the same range of aspect ratio as the corresponding expressions
for P. An asymptotic expression for Qu is obtained that is valid for thin cracks having
aspect ratios up to 0.01, recovering the results that can be extracted from previous works
[Budiansky and O’Connell, 1976; Shafiro and Kachanov, 1997]. For thin cracks, the
behaviour the asymptotic expressions for (Pu,Qu) is robust when arbitrarily passing to
the limit of small aspect ratios, and infinite fluid compressibility. For completeness, more
efforts are perhaps required to obtain additional terms in the asymptotic expressions for Qu
in the case of crack-like pores, that would be valid for higher aspect ratios than 0.01. In the
other cases of nearly spherical pores, or prolate spheroids, the difference between Qu and
Q is negligible.
The asymptotic approximations for the pore compliances (P,Q) of dry spheroidal pores
can be successfully used as an input in the Differential effective medium scheme, as
well as the Mori-Tanaka scheme and the Kuster-Tokso¨z theory (Chapter 3). Asymptotic
expressions for the Differential scheme have previously only been available for thin
cracks that have aspect ratios less than 0.01, and for spherical pores. The equations of
the Differential scheme have been integrated to yield expressions for the effective moduli
that now hold for a wide range of aspect ratios and porosities, yet remain simple. More
precisely, the new asymptotic expressions are valid over a range of aspect ratios as wide
as for the input expressions for (P,Q). The behaviour of the effective Poisson’s ratio in the
high-concentration limit shows than ν tends towards a fixed point, νc, that depends only
on the pore aspect ratio, α , but not on the Poisson’s ratio of the solid phase, ν0. A simple
approximation is given for νc as function of α . The fact that Poisson’s ratio is bounded
by ν0 and νc allows for a rapid estimation of characteristic pore shape to be inferred from
the effective Poisson’s ratios or, equivalently, of Vp/Vs ratios. These new results have been
published in International Journal of Engineering Science [David and Zimmerman, 2011b].
For the Mori-Tanaka and Kuster-Tokso¨z schemes, exact analytical expressions are
available for the saturated effective moduli of rocks containing fluid-saturated spheroidal
pores of a given aspect ratio. For the Differential scheme, solutions for the effective
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moduli can only be obtained by numerical integration, even in the limiting cases. The
saturated effective moduli are only consistent with Gassmann’s relations for the case of
the bulk modulus. The saturated shear modulus is higher than the dry shear modulus, and
depends on the fluid compressibility, except for the particular case of spherical pores†. An
extensive series of simulations carried out for the effective Poisson’s ratio, ν , as function
of porosity, shows that ν is very sensitive to the aspect ratio of the pores and to the fluid
compressibility. Although ν is an increasing function of the pore fluid’s bulk modulus at a
given porosity, the addition of saturated pores could well result in a decrease of ν if pores
are crack-like. This was precisely the case observed during the experiments on dehydrating
gypsum of Brantut et al. [2012], which has been accepted for final publication in Journal
of Geophysical Research. An application of the Differential scheme was included in that
work to invert the aspect ratio of the pores at each reaction stage. Both the theoretical
predictions of Chapter 3, and these experiments, show that more precautions are needed
when interpreting the signature of dehydrating rocks in subduction zones, notably. An
extension of the results of effective medium modelling to the case of anisotropic rocks
would then certainly be of much interest to address this issue.
Zimmerman’s method for inverting dry velocities has been extended in Chapter 4 to
obtain the complete distribution of crack aspect ratios, as well as the average aspect ratio of
the non-closable pores, by fitting both compressional and shear wave velocities. The new
algorithm, which can be used in conjunction with any effective medium theory, is able to
invert successfully many sets of experimental data on sandstones. It remains simple, as the
inversion is performed on dry data only, therefore avoiding the need to take into account
the pore fluid, which masks the effect of pore geometry. The resulting crack aspect ratio
distribution is well fit by an exponential, and the inversion of high-pressure velocities (when
the rock is crack-free) shows that the non-closable pores are well represented by one family
of oblate spheroids, which show significant deviations from sphericity. Models assuming
that non-closable pores are spherical are therefore not realistic for most sandstones.
The saturated velocities can be predicted by the Gassmann equations, or by using
effective medium theories. The Gassmann predictions are straightforward, and can
be made directly from dry data, without any assumption on the microstructure. For
ultrasonic velocities that are measured at high-frequencies (MHz), Gassmann’s predictions
underestimate the saturated velocities by a large amount, except at high pressures. Hence,
a method has also been developed in Chapter 4 to predict the saturated velocities using
effective medium theories, which assume that fluid is totally trapped in each pore, making
use of the pore aspect ratio distribution that has been obtained from the dry data. The
results show that effective medium theories are able to predict the saturated velocities for
many sets of experimental data on sandstones. The results are only weakly dependent
of the choice of the effective medium theory (Mori-Tanaka or Differential scheme),
which leaves the contentious debate of which effective medium theory best accounts for
interactions between pores beyond the scope of this present thesis. The content of Chap-
†see, however, the discussion given for the particular case of the Differential scheme, in Chapter 3.
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ter 4 has been accepted in Journal of Geophysical Research [David and Zimmerman, 2012].
New measurements of bulk modulus at low frequency (0.02 to 0.1 Hz) have been
obtained in the laboratory on Fontainebleau sandstone under pressure, in conjunction
with ultrasonic velocities and static measurements, with three different pore fluids. This
constitutes a very valuable and comprehensive new set of experimental data, which gives
simultaneous insights on the effect of pressure, pore fluids and frequency on elastic wave
velocities. For both the 13% and 4% porosity samples, glycerin and water-saturated, the
low-frequency saturated bulk modulus at 0.02 Hz matches well both the low-frequency
and ultrasonic dry bulk modulus. Additional evidence that both specimens behave as fully
drained at 0.02 Hz is found when comparing this frequency with the limiting frequency for
drained behaviour that is estimated from permeability measurements. Moreover, both of
these samples, glycerin and water-saturated, are much more compliant at low frequencies
than at high frequencies. The amount of “dispersion” is much higher at low pressures in the
presence of open cracks. Such successful results are going to be submitted to Geophysics
[David et al., 2012].
The unsuccessful attempts for measuring Young’s modulus and Poisson’s ratio at
“intermediate” seismic frequencies raise the need to collect more experimental data on
the frequency-dependence of elastic wave velocities in the laboratory, as well as on
other type of rocks. This step is crucial to be able to extrapolate laboratory data to field
conditions, and to efficiently interpret elastic wave velocities in terms of microstructure
and fluid content. It is believed that elastic wave velocities could be eventually predicted
as functions of pressure and frequency using a model based on pore structure, as in
Chapter 6. However, a fundamental question is raised as to whether one or two attenuation
peaks (or even more) should be observed over the frequency spectrum. As discussed
in Chapters 5 and 6, a critical frequency fu should demarcate the “very low-frequency”
drained regime and the “low-frequency” Gassmann regime. This hypothesis is justified by
the substantial difference observed between drained and undrained velocities, respectively.
Another critical frequency fc is the limiting frequency of local flow, which demarcates
the Gassmann and the high-frequency regimes. The latter hypothesis is also justified
by the difference observed between “undrained” saturated velocities at low frequencies
and ultrasonic velocities. fc constitutes the basis of the model of frequency-dependence
proposed in Chapter 6, which then successfully predicts the frequency-dependence of the
saturated elastic wave velocities, as well as the attenuation factor, between seismic and
ultrasonic frequencies. However, such a model predicts a Gassmann-type behaviour at
zero frequency, and ignores the transition to the drained regime around fu. As discussed in
Chapter 6, estimations of ( fu, fc) in the literature vary by orders of magnitude. It would be
surely possible to find a set of physical parameters for a rock that would inplausibly predict
fu > fc. It would even be possible to imagine a “smooth” variation of elastic velocities
between the drained and high-frequency regime, with a single peak of attenuation, with the
Gassmann-type of elastic behaviour corresponding only to an intermediate regime of elastic
behaviour, but not properly to a “plateau”. Considerable experimental efforts are thus
needed before raising the hope of constraining a model for frequency-dependence. They
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seem to be undertaken by a recent development of oscillations apparatus and techniques in
various research laboratories, designed to continuously measure both elastic properties as
well as attenuation factors over large frequency ranges. For instance, an experimental-based
PhD project is about to start at the ENS Paris to improve the oscillation technique of axial
stress tested in Chapter 5. Promising preliminary results have been obtained by Jackson
et al. [2011] or Tisato et al. [2011], among others.
Although idealised as regards to real pore shapes in sandstones, the spheroidal model for
pores seems to be capable of explaining the stress dependence of dynamic (Chapter 4) as
well as static [Walsh, 1965] elastic properties of sandstones. As well as being potentially
valid for any pore aspect ratio distribution and any effective medium theory, it is also able
to predict the frequency dependence of saturated velocities (Chapter 6). It is likely that
this work has taken the use of the simple spheroidal pore model as far as possible, as it
has been found in Chapter 4 that this model is not able to predict saturated velocities with
sufficient accuracy for some sandstones. Moreover, the non-linear elastic behaviour that
occurs during hydrostatic compression can be accounted for by assuming that a porous rock
contains a distribution of aspect ratios: such an assumption is required if the spheroidal
model for pores is used, but not necessarily for other irregular pores shapes [Mavko and
Nur, 1978]. In particular, some papers have considered non-elliptical two-dimensional
pores such as hypotrochoidal tubes [Mavko, 1980], quasi-polygons [Kachanov et al., 1994;
Jasiuk et al., 1994], pores having n-fold axis of symmetry [Ekneligoda and Zimmerman,
2006, 2008], or arbitrary irregular shapes [Tsukrov and Novak, 2004], as the basis of their
calculations.
The present thesis provides a certain number of diagnostic tools to accurately infer the mi-
crostructure for elastic wave velocities, during non-destructive pressurization experiments
such as hydrostatic loading. Another direction of research is now posed: to use crack den-
sities and crack aspect ratio distributions to predict other physical properties of rocks, such
as hydraulic properties, yield strength, or failure.
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Nomenclature
Lower-case Roman letters
a Semi-major axis of spheroidal crack (crack radius) [Chapters 2,3,4,6]
ak Semi-axis of spheroidal pore in the direction xk (k ∈ {1;2;3}) [Chapter 2]
b Biot coefficient, = 1−C0/Cpc [Chapter 2]
c Semi-minor axis of spheroidal crack (crack half aperture) [Chapters 4,6]
c Crack porosity distribution function [equation (4.21)]
ck Coefficient (k ∈ {1;2;3;4;5}) in the analytical solution (3.29) for Γ(ν) (Differ-
ential scheme), for crack-like pores [equations (3.31)-(3.35)]
d Rock sample diameter, = di(1− εr) [Chapter 5]
di Rock sample diameter at zero pressure [Chapter 5]
f Frequency of elastic wave [Chapters 4,5,6]
fc Limiting frequency for fluid-flow between adjacent pores [equation (4.23)]
fu Limiting frequency between drained and undrained regimes [equation (5.9)]
g Function of spheroidal pore geometry [equations (2.19) and (2.20)]
k Permeability [equation (5.1)]
l Characteristic length for pore pressure equilibrium [equation (5.9)]
nk Coefficient (k ∈ {1;2;3;4;5}) in the analytical solution (3.52) for φ(ν) (Differ-
ential scheme), for needle-like pores [equations (3.48) and (3.54)-(3.57)]
t Time [Chapter 5]
tt Total time of flight of elastic wave after cross-correlation [Chapter 5]
t0 Time of flight in the metal-support pieces of the two wave transducers [Chapter
5]
t¯ True time of flight of elastic wave in rock sample, = tt− t0 [Chapter 5]
Upper-case Roman letters
A Coefficient (of α−1) in crack compliance Laurent series [Chapter 2]
A0 Amplitude of axial stress during oscillation test [Chapter 5]
A1 Amplitude of rock axial strain during oscillation test [Chapter 5]
A2 Amplitude of rock radial strain during oscillation test [Chapter 5]
B Coefficient (of α0) in crack compliance Laurent series [Chapter 2]
B Skempton coefficient, =Cpu/Cf [equation (2.73)]
C Coefficient (of α1) in crack compliance Laurent series [Chapter 2]
Nomenclature
C Aspect ratio distribution function of the cumulative crack porosity [equation
(4.22)]
Cf Compressibility of the pore fluid, = 1/Kf [Chapters 2,5,6]
Cbc Bulk compressibility [Chapters 2,3,4,6]
Cibc Bulk compressibility at zero pressure [equation (4.3)]
Chpbc Bulk compressibility at high pressures [equation (4.3)]
Chp,mtbc Effective bulk compressibility at high pressures, inverted by the Mori-Tanaka
scheme (MT) [Chapter 4]
Chp,dembc Effective bulk compressibility at high pressures, inverted by the Differential
scheme (DEM) [Chapter 4]
Cbu Undrained bulk compressibility, =Cbc(1−bB) [Chapter 2]
Cpc Pore compressibility, =C0+Cpp [Chapter 2,4]
Cpp Pore compressibility [Chapter 2]
Cpu Undrained pore compressibility [Chapter 2]
C0 Solid-phase compressibility, = 1/K0 [Chapter 2]
Ck Coefficient (k ∈ {1;2;3;4;5}) in the analytical solution (3.30) for K(ν) (Differ-
ential scheme), for crack-like pores [equations (3.36)-(3.40)]
E Eshelby’s tensor [Chapter 2]
E Young’s modulus of rock measured during experiments [Chapter 5]
E0 Solid-phase Young’s modulus [Chapters 4,6]
EAl Young’s modulus of aluminium [Chapter 5]
FK Integrand, = dln(K)/dν [equation (3.11)]
Fν Integrand, =−dν/dln(1−φ) [equation (3.10)]
G Shear modulus of dry rock [Chapters 2,3,4,6]
Ghp Shear modulus of dry rock at high pressures [Chapter 4]
Ghp,mt Effective shear modulus of dry rock at high pressures, inverted by the Mori-
Tanaka scheme (MT) [Chapter 4]
Ghp,dem Effective shear modulus of dry rock at high pressures, inverted by the Differen-
tial scheme (DEM) [Chapter 4]
Gu Undrained shear modulus, = G [equation (3.79)]
G0 Solid-phase shear modulus [Chapters 2,3,4,6]
G¯ Effective shear modulus of fluid-saturated rock [Chapters 2,3,4,6]
G¯hp,mt Effective shear modulus of fluid-saturated rock, at high pressures, according to
the Mori-Tanaka scheme (MT) [Chapter 4]
G¯hp,dem Effective shear modulus of fluid-saturated rock, at high pressures, according to
the Differential scheme (MT) [Chapter 4]
Hijkl Excess compliance tensor [Chapter 2]
Iijkl Identity tensor [Chapter 2]
K Bulk modulus of dry rock [Chapters 2,3,4,6]
Khp Bulk modulus of dry rock at high pressures [Chapter 4]
Khp,mt Effective bulk modulus of dry rock at high pressures, inverted by the Mori-
Tanaka scheme (MT) [Chapter 4]
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Khp,dem Effective bulk modulus of dry rock at high pressures, inverted by the Differen-
tial scheme (DEM) [Chapter 4]
Kf Bulk modulus of the pore fluid, = 1/Cf [Chapters 2,3,4,5]
Ku Undrained bulk modulus [equation (3.78)]
K0 Solid-phase bulk modulus, = 1/C0 [Chapters 2,3,4,6]
K¯ Effective bulk modulus of fluid-saturated rock [Chapters 2,3,4,6]
K¯hp,mt Effective bulk modulus of fluid-saturated rock, at high pressures, according to
the Mori-Tanaka scheme (MT) [Chapter 4]
K¯hp,dem Effective bulk modulus of fluid-saturated rock, at high pressures, according to
the Differential scheme (DEM) [Chapter 4]
L Rock sample length [Chapter 5]
M Viscoelastic complex modulus, = MR+ iMI [Chapter 6]
MR Real part of viscoelastic modulus M [Chapter 6]
MI Imaginary part of viscoelastic modulus M [Chapter 6]
N Number of cracks in volume V [Chapter 3]
Nk Coefficient (k ∈ {1;2;3;4;5}) in the analytical solution (3.53) for K(ν) (Differ-
ential scheme), for needle-like pores [equations (3.49) and (3.58)-(3.61)]
P Cauchy’s principal value of integral [Chapter 6]
P Normalised compressibility of dry spheroidal pore, = K0Cpc [Chapters 2,3,4]
P Pressure [Chapters 4,6]
Pc Confining pressure [Chapters 2,4,5,6]
Pp Pore pressure [Chapters 2,4,5,6]
Ps Normalised compressibility of dry spherical pore [equation (2.31)]
Pu Normalised undrained compressibility of fluid-saturated spheroidal pore, =
K0Cpu [Chapters 2,3,4]
Pk Coefficient in αk (k ∈ {−1;0;1}) in crack compressibility Laurent series [equa-
tion (2.37)]
P̂ Pressure parameter for compressibility and shear compliance curve-fit [equa-
tions (4.3) and (4.4)]
Q Normalised shear compliance of dry spheroidal pore [Chapter 2,3,4]
Q Volumetric flow of the pore fluid [Chapter 5]
Q−1 Attenuation factor [equation (6.6)]
Q−1E Attenuation factor for Young’s modulus [equation (5.8)]
Q−1p Attenuation factor for P-wave [Chapter 6]
Q−1s Attenuation factor for S-wave [Chapter 6]
Qs Normalised shear compliance of dry spherical pore [equation (2.32)]
Qu Normalised undrained shear compliance of fluid-saturated spheroidal pore
[Chapters 2,3,4]
Qk Coefficient in αk (k ∈ {−1;0;1}) in crack shear compliance Laurent series
[equation (2.38)]
R Regression coefficient of fit [Chapters 4,5]
S Shear compliance of dry rock, = 1/G [Chapter 4]
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Nomenclature
S Cross-sectional area of rock sample [Chapter 5]
Si Shear compliance of dry rock at zero pressure [equation (4.4)]
Shp Shear compliance of dry rock at high pressures [equation (4.4)]
Sijkl Effective elastic compliance tensor [Chapter 2]
Siijkl Elastic compliance tensor of inclusion [Chapter 2]
S0ijkl Elastic compliance tensor of solid [Chapter 2]
Tijkl Strain-concentration tensor (Wu’s tensor) [equation (2.1)]
V Representative elementary volume [Chapter 3]
V Phase velocity [Chapter 6]
Vp P-wave velocity (compressional) [Chapters 4,5,6]
V hpp P-wave velocity of dry rock at high pressures [Chapter 4]
Vs S-wave velocity (shear) [Chapters 4,5,6]
V hps S-wave velocity of dry rock at high pressures [Chapter 4]
V¯ Average velocity along sample diameter, = d/t¯ [Chapter 5]
∆V Oscillation volume of confining pressure pump [Chapter 5]
Greek letters
α Aspect ratio of spheroidal pore [Chapters 2,3,4,6]
α i Aspect ratio of crack at zero pressure [Chapter 4]
αhp Aspect ratio of non-closable pores [Chapters 4,6]
α? Change of crack aspect ratio with pressure [equation (4.14)]
αc Critical aspect ratio for local fluid flow [equation (6.2)]
γ Aspect ratio distribution of the crack density [Chapter 4]
Γ Crack density parameter, = Na3/V [Chapters 3,4,6]
Γi Crack density at zero pressure [Chapter 4]
δ Coupling parameter between pore fluid and solid pressures [equation (2.83)]
δc Coupling parameter between pore fluid and solid pressures, in the thin-crack
limit [equation (2.85)]
δij Kronecker tensor [Chapter 2]
εax Axial strain [Chapter 5]
εAl Axial strain on aluminium force gauge [Chapter 5]
εp Pore strain [Chapter 2]
εrad Radial strain [Chapter 5]
εv Volumetric strain, = εa+2εr [Chapter 5]
ε ij Homogeneous strain applied at infinity [Chapter 2]
∆ε ij Excess strain in inclusion [equation (2.1)]
ζ Dimensionless parameter [equation (6.1)]
η Dynamic viscosity of the pore fluid [Chapters 4,5,6]
λ Fixed point for Poisson’s ratio, for infinitely long-needles [equation (3.47)]
λ Wavelength [Chapter 6]
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Nomenclature
ν Solid-phase Poisson’s ratio [Chapter 2]
ν Poisson’s ratio of dry rock [Chapters 3,4]
ν Poisson’s ratio of rock measured during experiments [Chapter 5]
ν Poisson’s ratio of rock [Chapter 6]
νhp,mt Effective Poisson’s ratio of dry rock at high pressures, inverted by the Mori-
Tanaka scheme (MT) [Chapter 4]
νhp,dem Effective Poisson’s ratio of dry rock at high pressures, inverted by the Differen-
tial scheme (DEM) [Chapter 4]
νAl Poisson’s ratio of aluminium [Chapter 5]
νc Fixed point for Poisson’s ratio [Chapter 3]
ν0 Solid-phase Poisson’s ratio [Chapters 3,4,6]
ν¯mt,hp Effective Poisson’s ratio of fluid-saturated rock, at high pressures, according to
the Mori-Tanaka scheme (MT) [Chapter 4]
ξ Solid to fluid compressibility ratio [equation (2.60)]
ρ Density of dry rock [Chapter 4]
ρf Density of the pore fluid [Chapter 4]
ρ¯ Density of fully saturated rock, = ρ+φρf [Chapter 4]
σax Axial stress [Chapter 5]
φ Porosity [Chapters 2,3,4,5,6]
φc Crack porosity [Chapter 6]
φ ic Crack porosity at zero pressure [Chapters 4,5]
φ0 Phase shift of axial stress during oscillation test [Chapter 5]
φ1 Phase shift of rock axial strain during oscillation test [Chapter 5]
φ2 Phase shift of rock radial strain during oscillation test [Chapter 5]
ω Angular frequency [Chapter 6]
ω ′ Variable of integration [equation (6.7)]
ω˜ Decimal logarithm of angular frequency, = logω [Chapter 6]
ω˜ ′ Variable of integration, = logω ′ [equation (6.8)]
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